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Reductions of abelian varieties of generalized Mumford type
Steve Thakur
Abstract
We study the special fibers of a certain class of absolutely simple abelian varieties over
number fields with endomorphism rings Z and possessing l-adic monodromy groups of the
least possible rank. We also study the Dirichlet density of the places at which the possible
reductions occur and confirm a special case of a broader conjecture for the splitting of
reductions of abelian varieties over number fields.
1 Introduction
For an absolutely simple abelian variety A over a number field F , it is natural to study the
reduction Av at each place v of good reduction. In particular, it is a question of significant
interest to determine the splitting of Av into simple abelian varieties up to isogeny. The following
conjecture suggests that the endomorphism algebra End0
Q
(A) determines the splitting of Av at
almost all places:
Conjecture 1. ([MP08], [Zyw14]) Let X be an absolutely simple abelian variety over a number
field F . After replacing F by a finite extension if necessary, there exists a density one set of
places such that the reduction Xv is isogenous to the d-th power of a simple abelian variety where
d2 is the dimension of the division algebra End0
Q
(X) over its center.
Substantial progress towards this conjecture was made in the main theorem of [Zyw14] which
settles this conjecture for abelian varieties for which the Mumford-Tate conjecture is true. For
instance, this implies conjecture 1 for abelian varieties with complex multiplication. Furthermore,
for an abelian variety X of dimension g over a number field with EndQ(X) = Z, ([Pin98], Theorem
5.13) states that unless 2g lies in the (rather thin) set
{n2k+1 : n ≥ 2, k ≥ 1}
⋃
{
(
4k + 2
2k + 1
)
: k ≥ 1},
the inclusion Gl ⊆ GSp2g,Ql is an equality and hence, the Mumford-Tate conjecture holds for X.
The first integer in this exceptional set is 4 and the dimension 4 case remains open to this day.
The primary goal of this article is to study Conjecture 1 (and related questions) for abelian
varieties of Mumford type – a particular class of abelian varieties with endomorphism rings Z
for which the Mumford-Tate conjecture remains open. They furnish us with examples of abelian
varieties that have endomorphism rings Z but have l-adic monodromy groups Gl much smaller
than GSp2g,Ql; in fact the rank of Gl is the least afforded by Orr’s inequality ([Orr15])
rank Gl(A) ≥ log2 d+ 2.
Since the Mumford-Tate conjecture remains open for this class of abelian varieties, it is important
to make a distinction between what we call abelian varieties weakly of Mumford type and those
strongly of Mumford type (see definitions 1.2 and 1.3). The former definition imposes a condition
on the groups Gl while the latter imposes the analogous condition on the Mumford-Tate group
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MT(A). (A justification for this terminology can be found in Proposition 3.7 where we verify
that an abelian variety strongly of Mumford type is weakly of Mumford type.)
By definition, for an abelian variety weakly of Mumford type, the groupGl has a one-dimensional
center and its derived group Gder
l,Ql
is a product of copies of SL2,Ql . Relying heavily on a
combination of techniques from [Pin98], [No09] and [Zyw14], we deduce the following result
which settles Conjecture 1 for this class of abelian varieties:
Theorem 1.1. Let A be an abelian variety over a number field F such that:
1. The l-adic monodromy groups Gl are all connected.
2. For all primes l in a set of positive density, Lie(Gl)Ql
∼= Ga,Ql⊕
(⊕N
i=1 sl2,Ql
)
with slN
2,Ql
acting
on Vl ⊗Ql Ql by the N -th external tensor power of the standard representation of sl2,Ql .
Then the reduction Av is absolutely simple away from a set of places of Dirichlet density zero.
The first condition is not particularly restrictive since by [LP95], we can always enlarge the
number field to ensure that the Gl are connected. Furthermore, for any abelian variety with
endomorphism ring Z, Gl has a one-dimensional center and Lie(Gderl )Ql is isomorphic to a power
of a simple Lie algebra of type A, B, C or D. So the second condition in Theorem 1.1 amounts
to End(AQ) being Z and this simple Lie algebra being of type A1 for a set of rational primes of
positive density. Table 4.2 of [Pin98] then implies that Vl ⊗Ql Ql must necessarily be the N -th
external tensor product of the standard representation of sl2,Ql .
We call such abelian varieties weakly of Mumford type so as to distinguish them from abelian
varieties whose Mumford-Tate groups fulfill the analogous property.
In the dimension 16 (equivalently, rank 6) case, we list the possible isogeny types for the
reduction Av (Proposition 4.8) and briefly describe how the same techniques may be used for
higher dimensions when the common rank of the derived subgroups of the l-adic monodromy
groups is a prime. In the case of good ordinary reduction - which occurs with density one - we
show that the reduction is either simple or has an ordinary elliptic curve as a simple component.
We also show that both types of reduction occur.
A brief outline In section 2, we list some of the fundamental results about Mumford-Tate
groups and l-adic monodromy groups that we shall repeatedly need. In section 3, we prove a
few short propositions that will be necessary in sections 4 and 5. In section 4, we describe the
splitting of the reduction Av for an abelian variety weakly of Mumford type of rank 6. We will
follow much of the approach from [No00] but will need some more results about abelian varieties
over finite fields and cyclic lattices (appendix 6.2). In section 5, we give a proof of the density
result. The key result in the proof will be a variant of a compatibility theorem from [No09] that
replaces the Mumford-Tate group by a certain reductive Q-group constructed in [Pin98]. We use
the appendix for fundamental results that are original but of an elementary nature.
1.1 Notations and Terminology
For an abelian variety A over a number field F and a prime l, the l-adic monodromy subgroup Gl
is the Zariski closure of the image of ρ
l
: GalF −→ GL(Vl(A)) and G0l is the connected component
of the identity. The image ρl(GalF ) is a compact l-adic analytic subgroup of Gl(Ql) which is of
finite index in Gl(Ql) ([Bog80]). We denote the Zariski closure of ρl(GalF ) in GL(Tl(A)) by Gl.
It is a group scheme over Zl with generic fiber Gl.
Let g be the dimension of A. The Betti cohomology group H1(A(C),Q) is a 2g-dimensional
vector space over Q endowed with a decomposition V ⊗Q C = V 1,0 ⊕ V 0,1 such that V 1,0 = V 0,1.
Let µ∞ : Gm,C −→ GL2g,C be the cocharacter through which any z ∈ C∗ acts by multiplication
by z on V 1,0 and trivially on V 0,1. The Mumford-Tate group MT(A) is the unique smallest
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Q-algebraic subgroup of GL2g,Q such that µ∞ factors through MT(A)×Q C.
The following long-standing conjecture suggests an intrinsic relation between the two notions:
Conjecture (Mumford-Tate) For an abelian variety A over a number field and a prime l,
MT(A)×Q Ql = G0l .
While the conjecture remains open, several cases have been proven. In particular, if the
endomorphism ring is trivial, the smallest dimension for which the conjecture remains open
is 4 (following the results of [Pin98]). Furthermore, the Mumford-Tate conjecture for abelian
varieties over number fields implies Conjecture 1 ([Zyw14]) and hence, is closely related to the
simple decomposition of the special fibers.
In this article, we study a class of abelian varieties with l-adic monodromy groups of low
rank. The following is a straightforward generalization of the construction in [Mum69]. It is
well-defined over an arbitrary field of characteristic zero. But throughout this article, we will
only encounter cases where the field K is either a number field or a local field.
Definition 1.1. Let K be a field of characteristic zero, G an algebraic group over K and V a
faithful K-linear representation of G. Then (G,V ) is of Mumford type of rank N + 1 if:
-Lie(G) has a one-dimensional center
-Lie(G)K
∼= Ga,K ⊕ sl2,K ⊕ · · · ⊕ sl2,K︸ ︷︷ ︸
N
-slN
2,K
acts on VK through the N -th (external) tensor power of the standard representation of
sl2,K .
If G is further assumed to be connected, there is a central isogeny Φ : G˜ −→ G where G˜ is
an algebraic group over K such that G˜ ∼= Gm,K × G˜der and G˜derK ∼= SLN2,K . We introduce the
following notions so as to avoid ambiguity:
Definition 1.2. An abelian variety A over a number field F is weakly of Mumford type of rank
N + 1 if (Gl, Vl) is of Mumford type of rank N + 1 for a set of rational primes l of density one.
We note that for such an abelian variety, rank(Gl(A)) = log2(dimA) + 2, meaning that Orr’s
inequality is an equality in this case. The rank of Gl(A) is the same for all primes l by a theorem
of Serre’s and hence, this equality also holds for the primes outside the density one set.
Definition 1.3. An abelian variety A over a number field F is strongly of Mumford type of rank
N + 1 if (MT(A),H1B(X(C),Q)) is of Mumford type of rank N + 1.
We note that in both cases, the definitions imply that the abelian variety is of dimension
2N−1 and has endomorphism ring Z. Furthermore, for an abelian variety weakly of Mumford
type, rank(Gl(A)) = log2(dimA) + 2, meaning that Orr’s inequality is an equality in this case.
LetK be a totally real field of odd degree. LetD a quaternion algebra over K split at precisely
one archimedean place with the corestriction CorK/Q(D) = 0 in Br(Q). Then an abelian variety
corresponding to a closed point on the Shimura curve given by the datum ((D∗)der, h) fulfills the
conditions of Definition 1.3. We refer the reader to ([SZ12], Section 2) for details. We will see in
appendix 6.1 that the converse is also true.
An implication of ([Pin98], Theorem 5.15) is that an abelian variety strongly of Mumford type
is weakly of Mumford type. The converse remains an open case of the Mumford-Tate conjecture
(as far as we know).
For an abelian variety A with End(AQ) = Z, we fix a triple (GA,VA,SA) where:
- GA is a connected reductive group over Q with GderA Q-simple
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- VA is a faithful absolutely irreducible Q-linear representation of GA
- SA is a density one set of rational primes such that
(GA,VA)⊗Q Ql ∼= (Gl, Vl) for all l ∈ SA.
The existence of this triple follows from [Pin98, Theorem 5.13]. Furthermore, if A is weakly of
Mumford type, then the pair (GA,VA) is of Mumford type. If A is strongly of Mumford type,
meaning that it arises as a closed point on a Mumford curve, the Mumford-Tate conjecture is
true for A by [Pin98]. So the group GA may be chosen to be the Mumford-Tate group MT(A)
and VA the Betti cohomology group H
1
B(A(C),Q).
2 Some background
In this section, we state some well-known but fundamental results that we shall need repeatedly.
Theorem 2.1 (Pin98). Let X be an abelian variety over a number field F such that EndQ(X) = Z
and the root system of each factor of MT(X)Q has type A2s−1 with s ≥ 1 or Br with r ≥ 1. Then
the Mumford-Tate conjecture is true for X.
In particular, if X is strongly of Mumford type, the root system of every factor is A1 and the
Mumford-Tate conjecture is true for X. So Gl(X) = MT(X)×Q Ql and
Lie(Gl(X))Ql
∼= Lie(MT(X))⊗Q Ql ∼= Ga,Ql ⊕ sl
N
2,Ql
.
Theorem 2.2. [LP95] For an abelian variety over a number field F , there exists a minimum
finite extension F connA where all the Gl are connected.
This extension corresponds to the subgroup ρ−1
l
(G0l (Ql)) ⊆ GalF which is independent of
l. We will usually be replacing FA by F
conn
A throughout this article. This has the effect of
replacing every Gl by the connected component of the identity. The number field F
conn
A may be
alternatively described as the intersection
F connA :=
⋂
l
F (A[l∞]).
Theorem 2.3. (Faltings) Let X be an abelian variety over a number field F such that F connA = F .
Then we have the following:
(i) The centralizer of Gl in EndQl(Vl) is End(A)⊗Z Ql.
(ii) The group Gl is reductive.
(iii) End0(AF ) = End
0(AQ)
The following result of Deligne gives one of the inclusions for the Mumford-Tate conjecture.
Theorem 2.4. (Deligne) For any prime l, G0l ×Q Ql ⊆ MT(A)×Q Ql.
Theorem 2.5. (Serre) For any abelian variety A, the l-adic monodromy groups Gl(A) are all
of the same rank.
Henceforth, we shall refer to this common rank as the rank of the abelian variety. Deligne’s
theorem on the first inclusion combined with Serre’s rank independence theorem show that the
Mumford-Tate conjecture reduces to the rank of the abelian variety being equal to the rank of
the Mumford-Tate group. More precisely:
Theorem 2.6. (Serre) If the inequality
rank G0p ≤ rank MT(A)
is an equality for any prime p, the Mumford-Tate conjecture is true for A.
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Furthermore, if we impose the additional condition that the endomorphism ring is trivial, as is
the case with abelian varieties weakly of Mumford type, the following theorem from [Pin98] shows
that there always exists a connected reductive group over Q that “looks like” the Mumford-Tate
group is expected to.
Theorem 2.7. ([Pin98], Theorem 5.13) Suppose EndQ(A) = Z. Then there exists a connected
reductive group GA ⊆ GL2g,Q over Q with a faithful absolutely irreducible Q-linear representation
VA such that G
der
A is Q-simple and
(GA,VA)⊗Ql ∼= (Gl, Vl)
for all rational primes l in a set SA of density one.
GderA being Q-simple implies that Lie(G
der
A ) is ⊗-isotypic. Furthermore, it is also known that
the root systems of Lie(GderA ) are of type A, B, C or D ([Pin98]).
Theorem 2.8. ([LP95], Theorem 3.2) For an abelian variety A over a number field F such that
F = F connA , Gl is unramified (quasi-split and split over some Qlh) for all but finitely many l.
Furthermore, Gl is a reductive group scheme over Zl for all but finitely many l.
(A reductive group over a local field is unramified if it is quasi-split and split over some
unramified extension.)
Strict Compatibility. The l-adic representations attached to an abelian variety are strictly compatible
in the sense of Serre. A proof may be found in [Del74].
Theorem 2.9. [Del74] For an abelian variety A, fix a finite set S of non-archimedean places
such that A has good reduction outside S. Let v /∈ S, l 6= char(kv)
1. ρ
l
is unramified at v
2. The characteristic polynomial of ρ
l
(Frv) has coefficients in Z and is independent of l.
An immediate consequence is that the eigenvalues are in Z and are independent of l. We
denote this polynomial by PAv (X) ∈ Z[X], its zeros by WAv and the multiplicative group they
generate by ΦAv ⊆ Q∗. Note that a base change of the abelian variety to a field extension F˜ /F and
replacing v by a place v˜ lying over v has the effect of replacing WAv by WNAv := {πN : π ∈ WAv}
where N is the inertia degree of v′ over v.
LetQ(WAv)+ be the compositum of all the totally real fieldsQ(πi+πi). Then Gal(Q(WAv )+/Q) ⊆
Sg and Gal(Q(WAv)/Q(WAv )+) is abelian 2-torsion of rank at most g. Thus, the Galois group
of PAv(X) is a subgroup of the semi-direct product W2g := (Z/2Z)
g ⋊ Sg, the “generic Galois
group” of the Galois closure of a CM field of degree 2g.
The Galois group is the fullW2g away from a density zero set of places when the endomorphism
ring is trivial and Gl = GSpQl [Cha97]. On the other hand, the Galois group is far smaller
for abelian varieties weakly of Mumford type on account of the additive relations between the
weights of the standard representation of Gl,Ql which induce multiplicative relations between the
eigenvalues of the Frobenius.
3 Some preliminary results
In this section, we discuss a few results we shall need in the subsequent sections. Some of them
will be necessary to verify that the concepts from the preceding section are well-defined.
Proposition 3.1. Let A be an abelian variety of dimension 22n over a number field F . Suppose
there exists a prime p in SA such that (Gp, Vp) is of Mumford type. Then End(AQ) = Z
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Proof. Passing to a finite extension if necessary, we may assume without loss of generality that
all the l-adic monodromy groups are connected. Now, by Faltings,
End0(AF ′)⊗Q Qp ∼= EndGalF ′ (Vp) = EndGp(Vp) = Qp
for any finite extension F ′/F . Thus, End0(AQ) = Q.
We now verify that an abelian being weakly of Mumford type is equivalent to the hypothesis
in Theorem 1.1.
Proposition 3.2. Let A be an abelian variety of dimension 2N−1 over a number field. Suppose
the set of rational primes p such (Gp, Vp) is of Mumford type of rank N + 1 has positive density.
Then (Gl, Vl) is of Mumford type for all l ∈ SA.
Proof. Since End(AQ) = Z by the preceding proposition, it follows from ([Pin98], Theorem 5.13)
that there exists a connected reductive group GA over Q with a faithful Q-linear representation
VA such that (GA,VA)⊗QQl ∼= (Gl, Vl) for all l ∈ SA. Since the set of rational primes described
in the hypothesis has positive density, it intersects SA. So there exists a prime p such that
(GA,VA) ⊗ Qp ∼= (Gp, Vp) and (Gp, Vp) is of Mumford type. Hence, (GA,VA) is of Mumford
type of rank N + 1 and the result follows.
In the dimension 4 case, (Gp, Vp) being of Mumford type for a single prime p implies the same
for all primes. We refer the reader to [No00] for details. The proof follows from Serre’s rank
independence result and the classification of semisimple Lie algebras.
Lemma 3.3. Let G be a Q-simple algebraic group. If G is semisimple and the number of simple
factors of GQ is a prime p, then the set of primes l such that GQl is Ql-simple is of positive
density (in particular, infinite).
Proof. The action of GalQ on the simple factors of GQ gives a map τ : GalQ → Sp. Since G is
Q-simple, the image of τ is a transitive subgroup of Sp and hence, contains a p-cycle c. By the
Chebotarev density theorem, the set of primes l such that c ∈ τ(GalQl) has positive density and
in particular, is infinite. For any l ∈ S ∩ P, GalQl acts transitively on the simple factors of GQl
and hence, GQl is Ql-simple.
Lemma 3.4. Let A be an abelian variety over number field such that End(AQ) = Z. Suppose the
number of simple factors of Gder
l,Q
is a prime p for all l in a set of density one. Then there exist
infinitely many primes l such that Gderl is Ql-simple.
Proof. From [Pin98], there exists a connected reductive groupGA over Q with a faithful Q-linear
representation VA such that:
(GA,VA)⊗Ql ∼= (Gl, Vl) for all l in a set SA of density one.
-GderA is Q-simple.
Now Lie(GA) has a one-dimensional center and Lie(G
der
A ) is Q-simple with Lie(G
der
A,Q
) having
p simple factors. The permutation action of GalQ on the simple factors of G
der
A,Q
gives a map
τ : GalQ → Sp. Since GderA is Q-simple, it follows that the image is a transitive subgroup and
since p is a prime by assumption, the image contains a p-cycle c. But c ∈ τ(GalQl) for a set P
of rational primes of positive density by the Chebotarev density theorem. Since SA is of density
one, the intersection SA∩P is also of positive density. For any prime l ∈ SA∩P, Gderl is Ql-simple
since the p-cycle acts transitively on the simple factors of Gder
l,Q
.
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We now use this lemma to show potential good reduction in the case when rank(Gderl ) is a
prime. The key idea (following [No00]) is to use the fact that any abelian variety is de Rham
everywhere, meaning that the inertia group acts unipotently on the Tate module of every different
prime after passing to a finite extension, and subsequently show that the inertia group acts
trivially on the Tate module.
Proposition 3.5. Suppose N is a prime. Let A be an abelian variety of rank N + 1 weakly of
Mumford type over a number field F . Then A has potential good reduction everywhere.
Proof. Enlarging the field if necessary, we may assume without loss of generality that all the Gl
are connected and A has semistable reduction everywhere. Since N is assumed to be a prime,
there exist infinitely many primes l such that Gderl is Ql-simple.
Let v be a finite place of F and let Iv be the inertia group. Let p be the rational prime lying
under v. Choose a prime l 6= p such that Gderl is Ql-simple and let ρl be the l-adic representation
associated to A. Since A is semistable at v, the inertia group Iv is rank 2 unipotent on Vl(A),
meaning that (ρ
l
(σ) − id)2 = 0 for every σ ∈ Iv ([GRR72]). Suppose, by way of contradiction,
that ρ
l
(σ) 6= id for some σ ∈ Iv. Now ρl(σ) ∈ Gl(Q) is the image by tensor product of an element
(y
1
, · · · , y
N
) ∈ SL2(Ql) with at least one yi 6= id. But since Gderl is Ql-simple, it follows that
yi 6= id for any i. Conjugating if necessary, we may assume without loss of generality that all the
yi are of the shape (
1 ai
0 1
)
with each ai ∈ Ql \ {0}. So the index of nilpotency of x − id is larger than 2, a contradiction.
Hence, Iv acts trivially on Vl after passing to a finite extension. From the Neron-Ogg-Shafarevich
criterion ([ST68]), it follows that A has good reduction at v.
For abelian varieties strongly of Mumford type, [SZ12] have a proof of potential good reduction
that does not assume N being a prime. They do, however, assume that v is prime to the
discriminant of the totally real field of degree N and to the discriminant of the quaternion
algebra over that field whose group of norm one units yield the Shimura curve.
Furthermore, ([Pin98], Theorem 7.1) implies that the reduction is ordinary at most places.
Proposition 3.6. For an abelian variety A weakly of Mumford type over a field F = F connA , the
places of good ordinary reduction have Dirichlet density 1.
Proof. For any prime l ∈ SA, the root system of Gderl,Ql has type A1 for a set of primes of density
one. So the same is true for the root system of Gder
A,Q
. In particular, the simple factors of Gder
A,Q
are not of type Cr for any r ≥ 3 and hence, A has good ordinary reduction away from a density
zero set of places by ([Pin98], Theorem 7.1).
An alternate proof independent of the results of [Pin98] may be found in [No95]. The following
proposition justifies the terminology in Definitions 1.2 and 1.3.
Proposition 3.7. If an abelian variety X is strongly of Mumford type, then it is weakly of
Mumford type of the same rank.
Proof. We write N = rank MT(X)−1 = rank MT(X)der. By the hypothesis, the root system of
every simple factor of MT(X)Q has type A1. So, by ([Pin98], Theorem 5.15), the Mumford-Tate
conjecture is true for X. Hence,
Lie(GX,l)Ql
∼= Lie(MT(X)⊗Q Ql)Ql = Ql ⊕ sl
N
2,Ql
.
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Alternatively, note that if X is strongly of Mumford type, then rank MT(X) = N+1. By [Orr15],
we have the inequality rank(GX,l) ≥ N+1. Hence, rank(GX,l) ≥ rank MT(X), which by Theorem
2.6, implies the Mumford-Tate conjecture for X. That the representation is the external tensor
power of the standard representation of sl2,Ql follows from Table 4.2 of [Pin98].
Proposition 3.8. Let G be a reductive group over a number field K. Let T be a maximal torus
of G. The set of primes p of K such that TKp is split has positive density.
Proof. Let L be a finite extension splitting T and let L˜ be the Galois closure over K. Let
S(L|K) be the set of primes of K split completely in L. For any p ∈ S(L|K) and any prime p˜
of L lying over p , Kp ∼= Lp˜ and hence, TKp is split. Since S(L|K) has density 1[L˜:K] , the result
follows.
For the next two lemmas, let A be an absolutely simple abelian variety over a number field
F . Let v be a place such that End(Ak) is commutative.
Lemma 3.9. Suppose End(Av) is commutative. Then none of the quotients π1π
−1
2
of the
eigenvalues of Frv are roots of unity.
Proof. Suppose Frv has two eigenvalues π1 , π2 such that π1π
−1
2
= ζ
N
for some integer N .
Choose a finite extension F ′/F and a place v˜ lying over v with inertia degree N over v. Then
WAv˜ = WNAv and hence, PAv˜(X) has the zero πN1 with multiplicity at least two. In particular,
PAv˜ (X) is inseparable and hence, End(Av˜) is non-commutative, a contradiction.
Lemma 3.10. The reduction Av is absolutely simple if and only if PAv (X) is irreducible.
Proof. Since End(Ak) is commutative, the zeros of
PNAv(X) :=
∏
π∈WAv
X − πN
are distinct for any integer N ≥ 1. So Av is absolutely simple if and only GalQ acts transitively
on WNAv = WAv⊗kvN for every integer N . Let σ ∈ GalQ and let π1 , π2 be any two eigenvalues of
Frv. Then σ(π
N
1
) = πN
2
⇐⇒
(
σ(π
1
)
π
2
)N
= 1⇐⇒
σ(π
1
) = π
2
by the preceding lemma. So GalQ acts transitively on WNAv if and only if it acts
transitively on WAv , which is equivalent to PAv (X) being irreducible.
The lemmas 3.10 and 3.10 will help us detect places of absolutely simple reduction. In
particular, as we will see in section 4, for an abelian variety weakly of Mumford type of rank
N + 1 with the integer N a prime, absolutely simple reduction only occurs when End(Ak) is
commutative.
4 Isogeny Classes
We now study the isogeny classes of the special fibers of abelian varieties of dimension 16
(equivalently, rank 6) weakly of Mumford type. In particular, we determine the possible dimensions
of the simple factors of the reductions and their endomorphism algebras. We will follow some of
the techniques from [No00] but will need a few more techniques than in the dimension 4 case. We
also briefly describe how the techniques could be adapted to certain higher dimensional cases.
4.1 The Galois group of the characteristic polynomial
Some Notation: Let A be an abelian variety of rank N + 1 weakly of Mumford type over a
number field F . Let v be a place of good reduction and let l be a prime other than the residue
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characteristic of v such that (Gl, Vl) is of Mumford type. Let ρl : GalF −→ GL2g(Zl) be the
l-adic Galois representation and Frv a geometric Frobenius. Let π1 , · · · , π2g be the eigenvalues of
ρ
l
(Frv). The eigenvalues lie in Z and are independent of l. We will denote the set of eigenvalues
by WAv and the multiplicative group they generate by ΦAv ⊆ Q∗. The irreducible decomposition
of the polynomial PAv(X) =
2g∏
i=1
(X − πi) ∈ Z[X] determines the simple decomposition of Av. In
particular, PAv (X) is separable if and only if End
0(Av) is a CM algebra. Furthermore, if PAv(X)
is separable, Av is simple if and only if PAv(X) is irreducible. The field Q(WAv) is a Galois
extension of Q and
Gal(Q(WAv )/Q) ⊆ Aut (X∗(T)) = {±1}N ⋊ SN
where T is a maximal torus of GA. More precisely,
Gal(Q(WAv)/Q(WAv )
+
) ⊆W (GA,T) = {±1}N , Gal(Q(WAv )+/Q) ⊆ Out(T) = SN .
If F ′/F is a finite extension and v′ is a place of F ′ lying over v, we have WAv′ =WdAv where d is
the inertia degree of v′ over v. If the integer N is a prime, Gal(Q(WAv)/Q) = {±1}j ⋊H with
H a subgroup of SN containing a N -cycle and 1 ≤ j ≤ N . Also, it is easy to show that 2j ≡ 1
(mod N) in this case (Proposition 4.10).
4.2 Weil Numbers and Isokummerian abelian varieties
We first state a few long-known results that will be useful for determining the possible isogeny
classes of the simple components of the reductions. Proofs may be found in [Tat66] and [Wat69].
Notation: For a Weil q-integer π (up to conjugacy), let Bπ be the corresponding simple abelian
variety over Fq (up to isogeny).
Lemma 4.1. Let π be a Weil q-integer and Bπ be the corresponding abelian variety over Fq. The
following are equivalent:
(1) Bπ is supersingular, meaning that the Newton slopes are all
1
2
(2) πN ∈ Q for some integer N
(3) End0
Fp
(Bπ) = End
0
Fq2
(Bπ) ∼= Matg(Qp,∞) where Qp,∞ is the quaternion algebra over Q
ramified only at p and ∞.
We may enlarge the field so that the size q of the residue field is a square and none of the
quotients π√q are non-trivial roots of unity. So the only possible Weil q-integer corresponding to
a supersingular abelian variety would be
√
q.
Lemma 4.2. For a simple abelian variety Bπ over Fq, the following are equivalent:
1. End0(Bπ) is commutative.
2. The Weil number π is of degree 2 dimBπ.
Lemma 4.3. For a simple abelian variety Bπ of dimension g over Fq, the following are equivalent:
1. Bπ is ordinary, meaning that the p-torsion group scheme is of rank g.
2. (π, π) = (1) in the ring of integers of the Galois closure of Q(π).
2.′ (π + π, q) = (1) in the ring of integers of the Galois closure of Q(π).
3. The Newton polygon is g × 0, g × 1
The group ΦAv . For an abelian variety B over a finite field, we denote the GalQ-stable
multiplicative group generated by the eigenvalues of the Frobenius by ΦB. For a Weil number
π, Φπ is the group ΦBπ where Bπ is an abelian variety in the corresponding isogeny class. So
Φπ is the GalQ-stable subgroup of Q
∗
generated by the conjugates of π over Q. We introduce
the following notion that is weaker than that of isogeny between two abelian varieties over finite
fields.
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Definition 4.1. Following [Kow03], we say two abelian varieties B1, B2 over a finite field are
isokummerian if there exists some integer N such that k(B1[d]) = k(B2[d]) for all d prime to N .
The following lemma establishes an equivalence between this notion and that of the the
multiplicative groups generated by the eigenvalues coinciding.
Proposition 4.4. ([Kow03], Lemma 8.1) Two abelian varieties B1, B2 over a finite field are
isokummerian if and only if ΦB1 = ΦB2.
Clearly, two isogenous abelian varieties are isokummerian. The converse is true, for instance,
when one of the two is an elliptic curve (on account of the lack of non-torsion units in imaginary
quadratic fields). But it is not true in general even for ordinary abelian varieties, as evidenced
by a class of counterexamples constructed in ([Kow06], Remark 2.5). However, for Weil numbers
associated to ordinary abelian varieties, we have the following result that we will need.
Proposition 4.5. ([Kow06], Proposition 2.1) Let B be an abelian variety over a finite field k
of size q. Suppose the corresponding Weil number π is such that (π, π) = (1) in the Galois
closure Q(WB) of Q(π) over Q. Suppose, further, that the exponent 2 abelian Galois group
Gal(Q(WB)/Q(WB)+) is of rank dimB. Then the only Weil q-integers in the multiplicative
group ΦB are the conjugates of π.
The next two lemmas will be useful for detecting the places of ordinary reduction. As shown
in [Tat66], if a simple abelian variety Bπ is ordinary, the endomorphism algebra is commutative.
While the converse is certainly false, we have the following two results in the reverse direction:
Lemma 4.6. Let Bπ be an absolutely simple abelian variety over a finite field k. Suppose:
(i) End0
k
(Bπ) is commutative
(ii) p splits completely in Q(π).
Then Bπ is ordinary.
Proof. The Newton slopes of Bπ are given by
w(π)
w(q) , where w runs through all the places of Q(π)
lying over p. Since End0(Bπ) is commutative, it follows from Honda-Tate theory that the local
invariants [Q(π)w : Qp]
w(π)
w(q) are integers. But since p splits completely in Q(π)/Q and hence, in
the Galois closure Q(WBπ), any prime of Q(WBπ) lying over p has local degree 1 over Q. So the
Newton slopes w(π)w(q) are integers and hence, Bπ is ordinary.
Lemma 4.7. Let Bπ be an absolutely simple abelian variety over a finite field k. Suppose:
(i) End0
k
(Bπ) is commutative
(ii) The Galois group Gal(Q(WBπ )/Q) is such that the decomposition group of a prime of Q(WBπ
lying over p is a normal subgroup of Gal(Q(WBπ )/Q).
Then Bπ is ordinary.
Remark In particular, the second condition is fulfilled when the center Q(π) of End0(Bπ) is an
abelian extension over Q.
Proof. Let p be a prime of Q(WBπ) lying over p. If p has local degree 1, then clearly all the
Newton slopes are integral and hence, must be either 0 or 1. So we may assume without loss
of generality that p does not split completely in Q(WBπ) and hence, the decomposition group of
any prime lying over p is non-trivial.
Choose a non-trivial element τ in the decomposition group Dp. Since π and its conjugates
generate Q(WBπ ), τ cannot fix every conjugate of π. So we may assume without loss of generality
that τ(π) 6= π. Furthermore, the hypothesis implies that Dp is normal. So τ lies in the
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decomposition group of every prime of Q(WAv) lying over p and hence, τ preserves the ideal
(π) in Q(WBπ). So the algebraic number τ(π)π has the valuation 0 under every non-archimedean
valuation and hence, must be a root of unity. Write τ(π) = ζ
N
π. Then the endomorphism algebra
End0(B ×Fq FqN ) is non-commutative since the characteristic polynomial of B ×Fq FqN has the
zero πN with multiplicity ≥ 2, a contradiction. So p splits completely in Q(WBπ )/Q and by the
preceding lemma, it follows that Bπ is ordinary.
4.3 Newton Polygons
Let A be an abelian variety weakly of Mumford type of rank 6. Let v be a place of good reduction,
so that the Newton polygon of Av[p] lies above the Hodge polygon. With techniques virtually
identical to those of ([No00], Section 3), we may show that the Newton slopes are given by
1
2
± a1 ± a2 ± a3 ± a4 ± a5
where the ai are rational numbers between 0 and 1. Using the facts that the Newton slopes lie
between 0 and 1, have integral break points and the Newton polygons of abelian varieties are
admissible, we can then deduce that the slope 12 occurs with multiplicity 0, 8, 12 or 16. This will
be useful in the proof of Proposition 4.8.
4.4 Reductions of abelian varieties weakly of Mumford type
Let A be a 16-dimensional (equivalently, rank 6) abelian variety weakly of Mumford type over a
number field F . Enlarging F if necessary, we may assume without loss of generality that A has
good reduction everywhere. Let v be a non-archimedean place with p = char(v). We choose a
prime l 6= p such that the derived subgroup Gderl is Ql-simple and (Gl, Vl) is of Mumford type.
As seen in lemma 3.4, the set of primes fulfilling the first condition has positive density and since
SA has density one, the intersection has positive density as well. In particular, there are infinitely
such primes.
Proposition 4.8. With the setup as above, the reduction Ak has one of the following simple
decompositions up to isogeny:
1. (A(1))16 where A(1) is a supersingular elliptic curve
2. A(1) ×A(5)1 ×A(5)2 ×A(5)2 with Newton polygon 0, 5 × 15 , 10 × 25 , 10× 35 , 5× 45 , 1
3. A(1) ×A(5) ×A(10) with A(1) supersingular
4. A(1) ×A(5) ×A(10) with A(1) ordinary
5. A(1) ×A(5)1 ×A(5)2 ×A(5)3 with each component ordinary and the last two isokummerian
6. Simple
where the superscript is the dimension of the simple abelian variety and distinct subscripts
indicate non-isogeny. Furthermore, in the last three cases, End(Ak) is commutative. If the base
field is enlarged so that F = F connA , the last possibility occurs with Dirichlet density one.
Remark In the course of this proof, we will also determine the possibilities for the endomorphism
algebra End0(Ak) and state them in Proposition 4.11. That is a more concrete description of the
simple decomposition since the dimension of a simple abelian variety can be easily retrieved from
the endomorphism algebra via Honda-Tate theory. Furthermore, we also look into the Galois
group Gal(Q(WAv)/Q) which provides some insight into the reduction Av.
Proof. Let
ρv,l : GalFv
∼= Dv →֒ GalF −→ Gl(Zl)
be the local l-adic Galois representation attached to A. Replacing F by a finite extension if
necessary, we may assume the following:
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1. q := |k| is a perfect square.
2. All the l-adic monodromy groups are connected.
3. All elements of ρv,l(GalFv) are congruent to the identity mod l
2.
4. All simple factors of Ak are defined over k.
In particular, the simple components of Av are absolutely simple. So for any Weil number
π corresponding to a simple component of Av, the inclusion Q(πd) ⊆ Q(π) is an equality for
any integer d. The second condition implies that any element of ρv,l(GalFv) lifts uniquely to an
element of G˜. The third ensures that the group generated by the eigenvalues of the Frobenius
does not contain any roots of unity other than 1.
Now, there exists a universal simple cover Φ : G˜l −→ Gl with a central isogeny Φ. From the
third assumption above, ρv,l lifts uniquely to a representation ρ˜v,l : GalFv −→ G˜l(Zl) with the
same congruence condition. Because of the uniqueness of the lift, ρ˜v,l is a group homomorphism.
Let Frv be a geometric Frobenius. Set π = ρ˜v,l(Frv) ∈ G˜l(Ql) and define T˜ ⊆ G˜l as the Zariski
closure of the subgroup of G˜l(Ql) generated by π. The congruence condition on ρ˜ ensures that
the subgroup of Q
∗
generated by the eigenvalues of π does not contain any roots of unity other
than 1 and hence, T˜ is connected. So T˜ is a maximal torus in G˜l.
Now
√
q ∈ Z by construction. Set α := π√q ∈ G˜l(Ql) and let T˜ ′ be the Zariski closure of the
subgroup of G˜l generated by α. Then T˜ ∼= Gm,Ql × T˜ ′ with T˜ ′ a maximal torus in G˜der. We
choose a maximal torus TQl of G˜l
der
(over Ql) containing T˜ ′. Since (Gl, Vl) is of Mumford type of
rank 6, T is of rank 5. Let Ψ be the associated root system of T˜ ′. Let Out(Ψ) = Aut(Ψ)/W (Ψ)
be the group of outer automorphism group of Ψ, which is isomorphic to S5. There exists an
isomorphism X∗(T ) ∼= Z5 such that the weights of the representation of T on Vl correspond to
the elements (±1, · · · ,±1) ∈ Z5. The action of GalQl on X∗(T ) induces an action on Z5. This
action factors through the group {±1}5⋊S5 and contains a 5-cycle, which we may assume without
loss of generality to be the cycle (1 2 3 4 5).
Evaluation at the element α ∈ T (Ql) defines a GalQl-equivariant map
ev : X∗(T ) −→ Q∗l , χ 7→ χ(α).
But the characteristic polynomial of the Frobenius lies in Z[X] and is independent of l. Hence, the
eigenvalues of ρv,l(Frv) lie in Q where Q is some algebraic closure of Q embedded in Ql. Since the
weights of the representation of T on Vl correspond to the elements (±1,±1,±1,±1,±1) ∈ Z5,
the images ev(±1, · · · ,±1) are the eigenvalues of α on Vl. It follows that ev(±1, · · · ,±1) are in
Q ⊆ Ql. So the image of ev lies in Q∗. As T˜ ′ is the Zariski closure of the subgroup of G˜l(Ql)
generated by α, it follows that ker(ev) is the kernel of the natural surjection X∗(T ) −→ X∗(T˜ ′).
So we may identify X∗(T˜ ′) with Z5/ ker(ev).
For any element (x
1
, · · · , x5), denote its image inX∗(T˜ ′) by (x1 , · · · , x5)′. The map ev induces
an action of GalQ on X
∗(T˜ ′) extending the action of GalQl . This action stabilizes the elements
{(±1, · · · ,±1)} ⊆ X∗(T˜ ′). Since all the eigenvalues of α have absolute value 1, it follows that
ev(P )ev(P ) = 1 for each vertex P of the hypercube {(±1, · · · ,±1)}. So the complex conjugation
acts by multiplication by −1 on X(T˜ ′).
We fix an embedding Q →֒ Qp which induces a p-adic valuation v on Q normalized by v(q) = 1
and define φ = v ◦ ev′ : X∗(T˜ ′) −→ Q. This map is Z-linear but not necessarily GalQ-equivariant
or injective. The Newton slopes are then given by 12 + φ(±1,±1,±1,±1,±1). Although φ might
have a non-trivial kernel, the following lemma shows that it does not have a GalQ-stable subset.
Lemma 4.9. Let x ∈ X∗(T˜ ′). If φ(τ(x)) = 0 for all τ ∈ GalQ, then x = 0.
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Proof. Since the subgroup of X∗(T˜ ′) generated by {(±1, · · · ,±1)} is of finite index, we may
assume without loss of generality that x lies in the subgroup. As τ runs through GalQ, φ(τ(x))
runs through all p-adic valuations of ev′(x). So these are all 0 and hence, all absolute values of
ev′(x) are 0. So ev′(x) is a root of unity, which implies that ev′(x) = 1. Since ev′ is injective,
this is a contradiction.
First, note that Z5/ ker(ev) is torsion-free since the image of ev contains no roots of unity
other than 1. Now ker(ev) is stable under the GalQl-action and the image of GalQl in {±1}⋊S5
contains a 5-cycle. So ker(ev) is a GalQl-stable sublattice of Z
5 with the quotient Z5/ ker(ev)
torsion-free. So ker(ev) is a cyclic sublattice with a torsion-free quotient and hence, must be one
of the following:
1. Z5
2. {(x
1
, · · · , x5) : x1 + · · · + x5 = 0}
3. {(x, · · · , x) : x ∈ Z}
4. 0
(see the appendix on cyclic lattices for an explanation. Note that in the case of good ordinary
reduction - which occurs with density one- only case 4 can occur.)
In Case 1, all eigenvalues of Frv are
√
q. So all Newton slopes are 12 . Hence, A is isogenous
to the 16-th power of the supersingular elliptic curve and End0(Ak) = Mat16(Qp,∞), where Qp,∞
is the quaternion algebra over Q ramified only at p and ∞. Clearly, Gal(Q(WAv)/Q) = {1}.
InCase 2, X∗(T˜ ′) is a free Z-module of rank 1. Since none of the weights (±1,±1,±1,±1,±1)
are in the kernel of ev, none of the simple components correspond to
√
q.
Write a1 = (1, 1, 1, 1, 1)
′ , a2 = (−1, 1, 1, 1, 1)′ , · · · , a6 = (−1,−1,−1,−1,−1)′ ∈ X∗(T˜ ′). Then
a1 − a2 = a2 − a3 = a3 − a4 = a4 − a5 = a5 − a6
and φ(a1) = −φ(a6). Since the only conjugates of ev(a1) are ev(a1) and ev(a1), lemma 4.9
implies that φ(a1) 6= 0. Hence, φ(a1) = 5λ, φ(a2) = 3λ, φ(a3) = λ, φ(a4) = −λ, φ(a5) = −3λ,
φ(a6) = −5λ for some λ. So the Newton slopes are 12±5λ, 5× 12±3λ, 10× 12±λ. Since the slopes
lie between 0 and 1 and the Newton polygon has integral break points, it follows that λ = 110 .
Hence, the Newton polygon of Av is 0, 5× 15 , 10 × 25 , 10 × 35 , 5× 45 , 1.
Now ρ
l
(Frv) has six distinct ev(a1), · · · , ev(a6) eigenvalues on Vl. We have ev(a1) = ev(a6) is
of degree 2 and hence, ev(a1)
√
q is a Weil q-integer of degree 2. So it corresponds to an ordinary
elliptic curve A(1). Write Av = A
(1)×A′. Since A′ has Newton polygon 5× 15 , 10× 25 , 10× 35 , 5× 45 ,
every simple component has dimension divisible by 5. Since Gal(Q(WAv )/Q) = {±1} × H for
some H ⊆ S5, it follows that A′ has a simple component of dimension 5. So GalQ has precisely
three orbits inWAv and hence, A′ has two simple components (possibly with multiplicities greater
than one).
Now suppose, by way of contradiction, that A′ has a simple component B of dimension 10.
Its Weil number is of degree 2 over Q and hence, 20 = 2[End0(B) : Cent(End0(B))]1/2. So
[End0(B) : Cent(End0(B))]1/2 = 10. But the exact sequence
0 −→ Br(L|K) i−−→
⊕
w
Br(Lw|Kw) α7→
∑
v invv(α)−−−−−−−−−→ 1
lcm({nw}w)Z/Z −→ 0(
where Lw is the completion of L at any prime lying over w and nw = [L
w : Kw]
)
for Galois
extensions L/K of global fields implies that [End0(B) : Cent(End0(B))]1/2 is the least common
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denominator of the local invariants invw(End
0(B)). But this integer, in turn, divides the least
common denominator of the Newton slopes, which is 5. This yields a contradiction.
Thus, A′ has two simple components B1 and B2 each of dimension 5 and of multiplicities
1 and 2 respectively. Furthermore, both End0(B1) and End
0(B1) are 25 dimensional central
division algebras over imaginary quadratic fields in which p splits.
In Case 3, X∗(T˜ ′) is a free Z-module of rank 4. Now (1, 1, 1, 1, 1)′ = (−1,−1,−1,−1,−1)′ =
0. The Weil q-integer
√
q = ev(1, 1, 1, 1, 1)
√
q corresponds to a supersingular elliptic curve A(1)
over k. Furthermore, the other 30 eigenvalues WAv \ ev(±(1, 1, 1, 1, 1)) are all distinct. So
the endomorphism algebra of the 15 dimensional complement A′ of A(1) is a CM algebra of
dimension 30. The image of GalQ in {±1} ⋊ S5 contains a cycle of length 5 which induces a
cyclic permutation of {ev(−1, 1, 1, 1, 1), · · · , ev(1, 1, 1, 1,−1)}. Since complex conjugation acts
by inversion, GalQ acts transitively on {ev(±(−1, 1, 1, 1, 1)), · · · , ev(±(1, 1, 1, 1,−1))}. Similarly,
GalQ acts transitively on
{ev(±(−1,−1, 1, 1, 1)), · · · , ev(±(−1, 1, 1, 1,−1))}
and
{ev(±(−1, 1,−1, 1, 1)), · · · , ev(±(1,−1, 1, 1,−1))}.
Set π
1
= ev(−1, 1, 1, 1, 1)√q, π
2
= ev(−1,−1, 1, 1, 1)√q, π
3
= ev(−1, 1,−1, 1, 1)√q. Each πi
(i = 1, 2, 3) is a Weil q-integer of degree a multiple of 10. Let Ai be the corresponding simple
abelian variety over Fq (up to isogeny), Li the field Q(πi) and αi =
πi√
q . Since End
0(Ai) = Li, it
follows that the local invariants [Li,v : Qp]v(τ(πi)) ∈ Z for all τ ∈ GalQ.
Furthermore, we have Φπ
1
= Φπ
2
= Φπ
3
and Φπ
0
= 〈√q〉 ⊆ Q∗. Now, Gal(Q(WAv)+/Q) is a
transitive subgroup of S5. So it must be one of the following groups:
{〈(1 2 3 4 5)〉, 〈(1 2 3 4 5), (1 5)(2 4)〉, 〈(1 2 3 4 5), (1 2 5 4)〉, A5, S5}.
So every simple component of A′ has dimension a multiple of 5. Suppose by way of contradiction
that every simple component is a five-fold. Then, in particular, π
2
is not conjugate to π
3
. Hence,
Gal(Q(WAv )+/Q) is cyclic of order 5 and Gal(Q(WAv )/Q) is cyclic of order 10. Then End0(A′)
is commutative and it follows from lemma 4.6 that every simple component of A′ is ordinary.
Hence, the Newton polygon is 2 × 12 , 15 × 0, 15 × 1 which is not possible as noted in subsection
4.3. So Gal(Q(WAv)+/Q) is one of the other four possibilities and π2 = ev(−1,−1, 1, 1, 1)
√
q is
conjugate to π
3
= ev(−1, 1,−1, 1, 1)√q. Hence, the simple component corresponding to π
2
is of
dimension 10.
The endomorphism algebra End0(Av) ∼= Qp,∞ × F10 × F20 where the subscript is the degree
of the CM field and F10 →֒ F20.
In Case 4, there are 32 distinct eigenvalues and the endomorphism algebra is a CM algebra
of degree 32. An argument identical to the one in case 3 shows that GalQ acts transitively on the
sets {ev(±(1, 1, 1, 1, 1))}, {ev(±(−1, 1, 1, 1, 1)), · · · , ev(±(1, 1, 1, 1,−1))},
{ev(±(−1,−1, 1, 1, 1)), · · · , ev(±(−1, 1, 1, 1,−1))} and {ev(±(−1, 1,−1, 1, 1)), · · · , ev(±(1,−1, 1, 1,−1))}.
So the simple component corresponding to the Weil number π
0
has dimension ≡ 1 (mod 5) and
the other simple components have dimensions divisible by 5. Furthermore, we have
Gal(Q(WAv )/Q) ⊆ {±1}j ⋊ H and since H fixes π0 = ev(1, 1, 1, 1, 1)
√
q, we have Q(π
0
) ⊆
Q(WAv)H . So [Q(π0) : Q] = 2i for some 1 ≤ j ≤ 5 and 2i−1 ≡ 1 (mod 5), which implies that
i = 1 or 5.
Also, we have
Φπ
0
⊆ Φπ
1
⊆ Φπ
2
= Φπ
3
= ΦAv .
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Furthermore, we have the inclusion Q(π0)Gal ⊆ Q(π1)Gal = Q(π2)Gal = Q(π3)Gal of Galois
closures and [Q(π0) : Q] ≥ 2, [Q(π1) : Q] ≥ 10, [Q(π2) : Q] ≥ 10, [Q(π3) : Q] ≥ 10. Thus, the
special fiber Av has one of the following simple decompositions in Case 4:
(i) Simple of dimension 16
In this case, we have [Q(π
0
) : Q] = 32. Write Gal(Q(WAv )/Q) = {±1}5 ⋊ H. Since H fixes
π
0
, it follows that Av has complex multiplication by the field End
0(Av) ∼= Q(π0), the subfield of
Gal(Q(WAv )/Q) fixed by H.
In all other cases, π
0
corresponds to an ordinary elliptic curve. Suppose, by way of contradiction,
that Av is not simple and Gal(Q(WAv)/Q(WAv )+) is of rank 5. Choose an element τj ∈
Gal(Q(WAv )/Q(WAv)+) that fixes σj(π2) and swaps σi(π2) and σj(π2) for i 6= j, (0 ≤ i, j ≤ 4).
We have
π
0
= π
2
σ(π2)
−1σ2(π
2
)σ3(π2)
−1σ4(π
2
).
So π
0
π
τ
0
0 = π
2
2
and hence, π
0
π
τ
0
0 = q or π
2
0
depending on whether τ
0
fixes π
0
. So either π2
2
= q or
π2
2
= π2
0
, neither of which is possible in Case 4. So Gal(Q(WAv)/Q(WAv )+) is of order 2.
Let A′ be the 15-dimensional complement of Aπ
0
in Av and let B be an odd dimensional
simple component of A′. Let πi be the corresponding Weil number (where i = 1, 2 or 3). Then
Q(πi + πi) is of odd degree over Q and hence, lies in the fixed field of {±1}. Since {±1} is a
normal subgroup of Gal(Q(WAv )/Q), the Galois closure Q(WAv)+ of Q(πi + πi) also lies in the
fixed field of {±1}. Hence, Gal(Q(WAv)/Q) = {±1} ×Gal(Q(WAv )+/Q).
(ii) Av = A
(1) ×A(5) ×A(10)
In this case, π2, π3 lie in the same GalQ-conjugacy class. So Gal(Q(WAv)/Q) = {±1} ×H where
H is a transitive subgroup of S5 of order divisible by 10.
(iii) Av = A
(1) ×A(5)1 ×A(5)2 ×A(5)3
In this case, Q(π
0
) is imaginary quadratic with p split in Q(π
0
)/Q and the elements πi (i = 1, 2, 3)
are pairwise non-conjugate and of degree 10. Since π
2
, π
3
are non-conjugate, it follows that
Gal(Q(WAv )+/Q) is cyclic of order 5 and Gal(Q(WAv)/Q) is cyclic of order 10. So p splits
completely in Q(WAv)/Q and hence, by lemma 4.7, every simple component is ordinary.
(iv)’ Av = A
(1) ×A(15)
In this case, π
1
, π
2
, π
3
lie in the same conjugacy class and π
0
is of degree 2. Furthermore, 30
divides |Gal(Q(WAv )/Q)| and hence, Gal(Q(WAv )/Q) = {±1}j ⋊H with j = 1 or 5 and H = A5
or S5. Since the set {σi(π1), σi(π1) : 1 ≤ i ≤ 5} is stable under the action of H and the complex
conjugation, it follows that j = 5, a contradiction.
We briefly describe how the techniques in the preceding theorem may be used for higher
dimensions. Consider an abelian variety A weakly of Mumford type of rank N + 1 with N a
prime. As explained in appendix 6.2, ker(ev) has the same four possibilities as above.
Clearly, if ker(ev) is the full ZN , then all the eigenvalues are 12 and the reduction is isogenous
to the 2N−1-th power of the supersingular elliptic curve.
If ker(ev) is the index 1 sublattice {(x
1
, x
2
, · · · , x
N
) :
N∑
i=1
xi = 0}, then Av has precisely N +1
distinct eigenvalues. Furthermore, with techniques identical to those in the preceding proposition,
we may show that the Newton polygon of Av is
2N−j
(
N
j
)
× j
N
, 0 ≤ j ≤ N.
So every simple component of Av other than the ordinary elliptic curve has dimension a multiple
of N . Furthermore, for any such simple component B, the integer [End0(B) : Cent(End0(B))]1/2
15
is the least common multiple of the Hasse invariants invw([End
0(B)]) and hence, must divide N .
Since N is a prime by assumption, it follows that [End0(B) : Cent(End0(B))] = N2. So each
End0(B) is a N2-dimensional central division algebra over an imaginary quadratic field in which
p splits. Thus, by Honda-Tate theory, every simple component other than the ordinary elliptic
curve has dimension N and Gal(Q(WAv)/Q) is abelian of exponent 2. The simple component of
Av corresponding to the Weil number ev(−1, · · · ,−1︸ ︷︷ ︸
j
, 1, · · · , 1)√q occurs with multiplicity 1N
(N
j
)
and has precisely two Newton slopes jN ,
N−j
N , each with multiplicity N .
If ker(ev) = {(x, x, · · · , x) : x ∈ Z}, then Gal(Q(WAv)/Q) = {±1} × H where H is some
subgroup of S
N
containing a N -cycle. Clearly, H determines the GalQ-orbits of WAv \ {
√
q} and
hence, determines the simple decomposition of the complement of the supersingular elliptic curve
in Av.
We conclude this subsection by stating a result for the case when the map ev is surjective.
As before, we denote the Weil number ev(1, · · · , 1)√q by π
0
.
Proposition 4.10. Let N be a prime. Let A be an abelian variety over a number field, weakly of
Mumford type of rank N+1 and let v be a non-archimedean place of F . Then [Q(π
0
) : Q] = 2i for
some 1 ≤ i ≤ N such that 2i−1 ≡ 1 (mod N) and Av is simple if and only if [Q(π0) : Q] = 2N .
Proof. By lemma 3.5, we may enlarge the field if necessary to ensure good reduction at v.
Furthermore, the kernel of the map ev : X∗(T ) −→ ΦAv has the four possibilities listed in
appendix 6.2. Unless ker(ev) = 0, we see that π
0
corresponds to an elliptic curve. So we may
assume without loss of generality that ker(ev) = 0. Hence, PAv (X) is separable and End
0(Av) is
a CM algebra of degree 2N .
Now, note that Gal(Q(WAv)/Q) = {±1}j ⋊H where some 1 ≤ j ≤ N and H is a transitive
subgroup of SN . Since π0 is fixed by H, we have Q(π0) ⊆ Q(WAv)H and since
[Q(WAv)H : Q] = 2j , it follows that [Q(WAv )H : Q] = 2i−1 for some i ≤ j. Furthermore,
since N is assumed to be a prime, H contains a N -cycle. Hence, every simple component of
Av corresponding to a Weil number non-conjugate to π0 has dimension a multiple of N and the
component corresponding to π
0
has dimension ≡ 1 (mod N). Thus, 2i−1 ≡ 1 (mod N).
Since the eigenvalues are distinct, it is clear that Av is simple if and only if [Q(π0) : Q] =
2 dimAv = 2
N .
In particular, we note that at places where the abelian variety has simple reduction, the
eigenvalues of the Frobenius are all distinct and the endomorphism ring is an order in a CM field.
So the image of Frv in End(Tl(A)) generates a maximal torus of Gl.
4.5 Endomorphism Algebras
We now list the possibilities for End0(Ak) that we derived in the course of the proof of Theorem
4.8. Given the division algebra End0(Y ) with center C for a simple component Y , we can easily
retrieve the dimension through the equality dimY = 12 [End
0(Y ) : C][C : Q]. Hence, this is a
more concrete characterization than the dimensions of the simple components, even though the
endomorphism algebras do not determine the precise isogeny classes for abelian varieties of genus
greater than one.
We introduce some notations for brevity. The center of the endomorphism algebra of a simple
component of Ak is some field Q(
√
qα) with
√
qα a Weil q-integer. So it is either Q (which only
happens in the supersingular case) or a CM field. We use the symbol Qp,∞ for the unique
quaternion algebra over Q ramified only at p and ∞. We will use F2i to mean a CM field of
degree 2i and D2i,j to mean the central division algebra of dimension j2 over a CM field E2i of
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degree 2i such that:
- the rational prime p splits completely in E2i;
- D2i,j has Hasse invariants
invw(D
2i,j) =
{
0 if w ∤ p
w(π)
w(q) [E2i,w : Qp] (mod 1) if w|p.
Proposition 4.11. For an abelian variety A weakly of Mumford type of rank 6 over a number
field F , End0(Ak) has the following possibilities:
1. Mat16(Qp,∞) (Supersingular case)
2. F2 ×D2,51 ×Mat2(D2,52 )
3. Qp,∞ × F10 × F20
4. F2 × F10 × F20
5. F2 × F10 × F10 × F10 with Gal(F10/Q) = Z/10Z, F2 ⊆ F10 and p ∈ S(F10|Q)
6. F32
If the base field is enlarged so that F = F connA , the last possibility occurs with Dirichlet density
one.
Proof. This is shown in the proof of Proposition 4.8. The density of places with simple ordinary
reduction will be shown in section 5.
Remark We note that in the cases where the endomorphism algebra is a CM algebra, the equality
of endomorphism algebras holds over the smallest extension of k over which the reduction is
well-defined.
4.6 An existence result in the ordinary case
In the preceding subsection, we saw that for an abelian variety weakly of Mumford type of rank
6, the reduction at a place of good ordinary reduction is either simple or of the form A(1) × A′,
where A(1) is an elliptic curve. In this section, we show the existence of the latter possibility.
Except for Proposition 4.13, the techniques are similar to those from [No01] and hence, we only
provide a sketch.
The tori T ′L and TL. We introduce some notation here. Let L be a CM field and let L
+
be its
totally real subfield of index 2. The norm map NL/L+ : L
∗ −→ L+∗ defines a map
ResL/Q(Gm) −→ ResL+/Q(Gm). We define T ′L to be the kernel of the map and TL to be the
pre-image of Gm,Q.
Now let K be a totally real field of degree 2n + 1, with 2n + 1 a prime. For simplicity,
we assume K is Galois over Q. Let D be a quaternion algebra over K split at exactly one
real place and with trivial corestriction in Br(Q). By the Skolem-Noether theorem, we have
(D∗)der = {d ∈ D∗ : dd = 1}. The datum ((D∗)der, h) gives a Shimura curve that is of Hodge
type but not of PEL type. We refer the reader to ([SZ12], Section 2) for more details.
Definition 4.2. For a Shimura variety (G,X) of Hodge type, we say a point x is generic if the
Mumford-Tate group of x is the same as that of X and special if the Mumford-Tate group is a
torus.
Let X be an abelian variety strongly of Mumford type that is a generic point on the Shimura
curve given by ((D∗)der, h). Then X has a model over the field K ([No01], [SZ12]). The following
theorem of Tate guarantees the existence of an intermediate CM field between a totally real field
and a quaternion algebra over it.
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Proposition 4.12. (Tate) Let K be a totally real field and let D be a d2-dimensional central
division algebra over K. If d is even, there exists a CM field L with an embedding in D such that
[L : K] = d.
A proof may be found in ([CCO13], Chapter 1). We will need the following variant for our
purposes, a proof for which we provide in appendix 6.3.
Proposition 4.13. Let K be a totally real field Galois over Q and a D a 4d2-dimensional central
division algebra over K. Let K˜ be the Galois closure over Q. If 2 ∤ d and gcd(2d, [K˜ : Q]) = 1,
there exists a totally imaginary number field E cyclic of degree 2d over Q such that [EK : K] = 2d
and EK has an embedding in D.
In particular, there exists an imaginary quadratic field E such that L = EK has an embedding
in the quaternion algebra D. The inclusion L∗ ⊆ D∗ induces morphisms ρ˜′ : T ′L −→ G˜′ and
ρ′ = N ◦ ρ˜′ : T ′L −→ G′. Let φ1, · · · , φ2n+1, φ1, · · · , φ2n+1 be the embeddings L →֒ C. Let φ2n+1
be the embedding corresponding to the archimedean place where D is split. We write [φj ], [φj ]
for the induced characters of L∗, of T ∗L and of T
′
L respectively. So [φ1], · · · , [φ2n+1] is a basis for
X∗(T ′L). We fix an isomorphism L⊗QR ∼= C2n+1 such that the composite of L →֒ L⊗R with the
projection on the i-th factor C induces the embedding φi : L →֒ R. We deduce an isomorphism
L∗R ∼= S2n+1. Define h to be the composite
S −→ L∗R →֒ D∗R −→ GR
where the first map is the inclusion of the coordinate corresponding to φ2n+1 and the last map
is the norm.
For h′ = h|S1 : S1 −→ G′R, there is a map h˜′ : S1 −→ (T ′L)R ⊆ G′R such that h′ = ρ′ ◦ h˜′.
Now h is conjugate to the map h0 and factors through the torus T ⊆ G, the image of L∗ ⊆
D∗. So h defines a set of special points of the Mumford curve. An abelian variety in the
corresponding isogeny class is of dimension 22n and has complex multiplication. At any place v
of good ordinary reduction with no simple components of multiplicity larger than one, we have
End0(X) = End0(Xv). So to study the splitting of Xv, it suffices to study that of X.
Proposition 4.14. With the setup as above, X is isogenous to a product X(1) ×X ′ where X(1)
is an ordinary elliptic curve with CM by the field E.
Proof. Write 22n − 1 = m(2n+1). We define the map τ : T ′L −→ T ′L by x 7→ NL/E(x)x−2. This
yields the map
π′ = (τ (m), NL/E) : T ′L −→ T ′(m)L × T ′E.
The natural action of T
′(m)
L × T ′E on L(m) ⊕ E ∼= Q2
2n+1
makes π′ into a 22n+1-dimensional
representation of T ′L. The weights of the representation induced byNL/E are± (([φ1] + · · ·+ [φ2n+1]))
and those of the representation induced by τ (m) are
∑
i∈I
[φi] −
∑
j∈J
[φj ], where I,J run through
the pairs of non-empty sets I,J such that I ∪ J = {1, · · · , 2n + 1}, I ∩ J = ∅. So the weights
of π′ are
2n+1∑
i=1
±[φi]. These coincide with the weights of the representation ρ′ = N ◦ ρ˜′ : T ′L → G′
and hence, π′ = ρ′. Thus, Xv is isogenous to a product X(1) × X ′ where X(1) is an ordinary
elliptic curve with CM by E and X ′ is an abelian variety (not necessarily simple) with an action
of L.
Remark The 22n − 1-dimensional complement X ′ is not simple when n ≥ 2. The Galois group
Gal(WXv/Q) is {±1} ×H for some transitive H ⊆ S2n+1 and hence, the simple decomposition
of X ′ is determined by H.
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The following proposition now implies the existence of generic points on the Mumford curve
such that the corresponding abelian variety has a reduction at some prime that has an ordinary
elliptic curve as a simple component.
Proposition 4.15. With the setup as above, let xF be a special point on the Mumford curve
M/F and X the corresponding abelian variety with complex multiplication. Let p be a prime of
F with residue field k. There exists a finite extension F ′ of F , a prime p′ lying over p and a
generic point yF ′ ∈ M(F ′) such that the abelian variety Y corresponding to yF ′ has reduction Yk′
isogenous to Xk′.
The proof is identical to that of ([No01], Proposition 5.1) and hence, is omitted. We conclude
this section by briefly describing the ordinary elliptic curves over finite fields that occur as simple
components of the reductions Xv.
As shown in [SZ12], the reduction Av is ordinary if and only if the place v has local degree 1 in
the field extension K/Q. SinceK/Q is Galois, this is equivalent to p splitting completely inK. As
seen above, the elliptic curve X(1) has CM by the imaginary quadratic field E. Since End0(X(1))
determines X(1) up to isogeny, it suffices to determine the possibilities for the endomorphism
algebra End0(X(1)).
Let l1, · · · , lt be the finite primes of K that D is ramified at and let li be the rational prime
lying under li. Now EK has an embedding in D if and only if EK splits D. Since EK is a
CM field, this is equivalent to EK having local degree 2 at all the finite primes of K that D is
ramified at. But since we assumed that K/Q is Galois of odd degree, this is equivalent to E/Q
being either ramified or inert at each of the rational primes li.
In appendix 6.3, we show a way to construct abelian varieties strongly of Mumford type with
simple reduction at some finite place (Proposition 6.3).
5 Density of places of simple reduction
In this section, we study the density of finite places where the different types of reductions occur.
Since the abelian varieties weakly of Mumford type have endomorphism rings Z, the following
conjecture suggests that they have absolutely simple reduction at a set of places of density one.
Conjecture ([MP08], [Zyw14]) Let X be an absolutely simple abelian variety over a number field
F such that F = F connX . There exists a density one set of places of F such that the reduction
Xv is isogenous to the d-th power of a simple abelian variety where d
2 is the dimension of the
division algebra End0
Q
(X) over its center.
While the conjecture remains open in this generality, several special cases have been studied.
If the abelian variety is, in fact, strongly of Mumford type, the conjecture holds by the following
theorem from [Zyw14].
Theorem 5.1. [Zyw14] Let X be an abelian variety over a number field F such that F connX = F .
If End0(XQ) is of dimension d
2 over its center and the Mumford-Tate conjecture holds for X,
then Xv is isogenous to the d-th power of an absolutely simple abelian variety for all v outside a
density zero set of places of F .
From this, one can easily deduce our main result for abelian varieties strongly of Mumford
type.
Proposition 5.2. Let A be an abelian variety strongly of Mumford type over a number field F
such that F connA = F . Then A has absolutely simple reduction at a set of places of density one.
Proof. Since the root system of Lie(MT(A)) is of type A1, the Mumford-Tate conjecture holds
for A by ([Pin98], Theorem 5.13). Since End(AQ) = Z, this result now follows immediately from
Zywina’s theorem.
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We note that for dimension 4 (equivalently, rank 4), this was proved in ([Ach12], Theorem
C). We now study the reductions of abelian varieties weakly of Mumford type. While the
Mumford-Tate conjecture remains open for this class for rank greater than 4 (alternatively
dimension greater than 4), we know from [Pin98, 5.13] that there exists a connected reductive
group that looks like the Mumford-Tate group is expected to.
5.1 Reductions of abelian varieties weakly of Mumford type
Throughout the rest of this section, unless otherwise specified, let A be an abelian variety of rank
N + 1 over a number field F , weakly of Mumford type. Some of the results (Proposition 5.11)
generalize to absolutely simple abelian varieties with trivial endomorphism rings and we hope to
use the same techniques to study this broader class of abelian varieties. Enlarging F if necessary,
we assume all the Gl are connected. By Theorem 5.11 of [Pin98], there exists a connected
reductive group GA over Q with a faithful absolutely irreducible Q-linear representation VA
such that
-(GA,VA)⊗Ql ∼= (Gl, Vl) for all primes l in a set SA of density one.
-GderA is Q-simple.
Notation. This section is heavily reliant on adapting the techniques from [Zyw14] and [No09].
To avoid confusion with the notation, we emphasize that while in [Zyw14] the group GA is the
Mumford-Tate group of A, we use the symbol for the reductive group over Q described above.
The two groups are the same if we assume the Mumford-Tate conjecture for A (which remains
open for our class of abelian varieties, as far as we know).
The set SA. We define the set SA of the places v of F such that:
1. A has good ordinary reduction at v.
2. v has local degree 1 over Q.
3. ΦAv is a free abelian group with rank ΦAv = rank(A).
The first condition holds for a set of places of density one by ([Pin98], Theorem 7.13). The
second holds for a set of places of density one by the Chebotarev density theorem. That the
third condition holds for a density one set is an implication of the following result from [LP97].
For every place v, fix a semisimple element tv in the conjugacy class of ρl(Frv) and let Tv,l be its
Zariski closure in Gl.
Theorem 5.3. ([LP97], Theorem 1.2) For any l, there is a Zariski closed subvariety Y ⊆ Gl
such that Tv,l is a maximal torus of Gl whenever ρl(Frv) ∈ Gl \ Y .
Now Tv,l is a maximal torus if and only if ΦAv is a free abelian group of the same rank as
the rank of A. Thus, the third condition holds for a set of places of density 1 and hence, SA has
density 1. So, to prove Theorem 1.1, it suffices to show that for some density zero subset V of
SA, A has absolutely simple reduction at every v ∈ SA \ V.
We note that for any v ∈ SA and prime l ∈ SA other than char(v), the element ρl(Frv) is
semisimple and hence, lies in some maximal torus of Gl(Ql) = GA(Ql). So for any maximal torus
T of GA, T(Ql) contains an element t conjugate to ρl(Frv) in Gl(Ql) = GA(Ql). The following
proposition shows that good ordinary reduction implies ΦAv being of full rank if N is a prime
and A is an abelian variety weakly of Mumford type of rank N + 1.
Proposition 5.4. Suppose the integer N = rank(A) − 1 is a prime. Let v be a place of good
ordinary reduction. Then the map ev : X∗(T) −→ ΦAv is an isomorphism.
Proof. Since the map is surjective for all places of good reduction, it suffices to show injectivity.
But since N is a prime, appendix 6.2 shows that ker(ev) is one of the following:
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(a) 0
(b) ZN
(c){(x, · · · , x) : x ∈ Z}
(d){(x
1
, x
2
, · · · , x
N
:
N∑
i=1
xi = 0}
So it suffices to verify that cases (b), (c), (d) do not occur for places of ordinary reduction.
In case (b), Av is a power of the supersingular elliptic curve. In case (c), ev(1, · · · , 1) ∈ ker(ev)
ev(1, · · · , 1)√q corresponds to a supersingular elliptic curve. In case (d), ρ
l
(Frv) has precisely
N+1 distinct eigenvalues. Hence, ev is injective for places of ordinary reduction, which completes
the proof.
Let ρ
l
: GalF −→ AutZ/lZ(A[l]) be the representation σ 7→ (P 7→ P σ) ∀ P ∈ A[l]. Then
ρ
l
(GalF ) injects into Gl(Fl). The following proposition shows that it is not much smaller than
the full Gl(Fl).
Proposition 5.5. [Ser00] Suppose F connX = F and X is absolutely simple.
1. For l sufficiently large, Gl is a reductive group over Zl.
2. There is a constant C such that [Gl(Fl) : ρl(GalF )] ≤ C.
3. For l sufficiently large, the group ρ
l
(GalF ) contains the commutator subgroup Gl(Fl).
A sketch of the proof may be found in [Zyw14]. More details may be found in [Ser00] and
[Win02]. Combining all the l-adic representations attached to A, we define the representation
ρ
A
: GalF −→
∏
l
AutQl(Vl(A)), σ 7→ (ρl(σ))l.
After enlarging the field F if necessary, the representations ρ
l
are independent, by the following
result of Serre.
Proposition 5.6. ([Ser00], 138) There exists a finite extension F ′/F such that ρ
A
(GalF ′) =∏
l
ρ
l
(GalF ′).
This field extension will be important in measuring the density of the places of F whose
Frobenius lands in a fixed conjugacy class of ρ
l
(GalF ).
Proposition 5.7. ([Zyw14], Proposition 2.12) Let F ′/F be an extension as in Serre’s lemma.
Let Λ be a finite set of rational primes. For each l ∈ Λ, fix a subset Ul of ρl(GalF ) stable under
conjugation. The set of places v of F such that ρ
l
(Frv) ⊆ Ul ∀ l ∈ Λ has density∑
C
|C|
Gal(F ′/F )
∏
l∈Λ
|ρ
l
(ΓC) ∩ Ul|
|ρ
l
(ΓC)|
where C varies over the conjugacy classes of Gal(F ′/F ) and ΓC := {σ ∈ GalF : σ|F ′ ∈ C}.
The groups W (G,T ) and Π(G,T ): Let G be a reductive group over a perfect field K. Its
maximal tori are all conjugate to each other over the algebraic closure. Choose a maximal torus
T of G. We have a homomorphism
φ
T
: GalK −→ Aut(X∗(T )), σ 7→ (χ 7→ σ(χ))
for σ ∈ GalK , χ ∈ X∗(T ). Note that T is split if and only if φT (GalK) = {1}.
We use the symbol W (G,T ) to mean the Weyl group NG(T )(K)/T (K) where NG(T ) is the
normalizer of T in G. Now, GalK acts onW (G,T ) and σ(w) = φT (σ)◦w◦φT (σ)−1 for σ ∈ GalK ,
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w ∈W (G,T ). We define Π(G,T ) to be the subgroup of Aut(X∗(T )) generated by W (G,T ) and
φT (GalK).
In particular, if A is an abelian variety weakly of Mumford type of rank N + 1 and GA the
reductive group over Q constructed in [Pin98, Theorem 5.13], we have W (GA,T) ∼= {±1}N . Let
Ψ be a root system associated to GA. Since G
der
A is semisimple, the group Π(GA) is isomorphic
to a subgroup of Aut(Ψ) which contains the Weyl group W (Ψ) = W (GA) ∼= {±1}N . The
group Aut(Ψ) is isomorphic to the semidirect product {±1}N ⋊ S
N
where S
N
acts on {±1}N by
permuting the coordinates. So Π(GA) is isomorphic to {±1}N ⋊ φT(GalQ) where φT(GalQ) is
some transitive subgroup of SN .
Let v be a place of good reduction and l any prime other than p := char(v). Since A has good
reduction at v, there exists a polynomial PAv(X) ∈ Z[X] such that PAv (X) = det(XI − ρl(Frv))
for all l 6= p. For each character χ ∈ X∗(T), define VA(χ) = {v ∈ VA ⊗Q Q : tv = χ(t)v ∀ t ∈
T(Q)}. Define the set of weights Ω = {χ ∈ X∗(T) : VA(χ) 6= 0}. We have the decomposition
VA ⊗Q Q =
⊕
χ∈Ω
VA(χ) and hence,
det(XI − t) =
∏
χ∈Ω
(X − χ(t)).
The set Ω is stable under the actions of W (GA,T) and GalQ on X
∗(T) which gives a natural
action of Π(GA,T) on Ω. The representation VA⊗QQ ofGA,Q is irreducible since End0(AQ) = Q
and W (GA,T) acts transitively on Ω. The following result will be crucial for the density one
result.
Theorem 5.8. Let A be an abelian variety weakly of Mumford type of rank N +1 over a number
field F such that F connA = F . For any number field L splitting GA, we have Gal(L(WAv )/L) =
W (GA,T) away from a set of places of density zero.
The proof will cover the rest of this section. We will draw heavily from the techniques from
[Zyw14] and [No09], although we will not assume the Mumford-Tate conjecture for our class of
abelian varieties.
5.2 Frobenius conjugacy classes
The variety Conj′(GA). Let G ⊆ GL2g,Q be a connected reductive algebraic group over Q such
that its center is one-dimensional and Gder is Q-simple. For simplicity, we assume that Lie(Gder)
is ⊗-isotypic and the simple factors are of type A, B, C or DH. Let G1, · · · , Gd be the simple
factors of Gder
Q
. We have a central isogeny
G1 × · · · ×Gd −→ GderQ , (g1, g2, · · · , gd) 7→ g1g2 · · · gd.
Let A be the group f of automorphisms of GQ such that
- f preserves each Gi.
- the restriction f |Gi : Gi −→ Gi agrees with conjugation by some element of Gi.
- f acts as the identity on the one-dimensional center of GQ
Let R be the affine coordinate ring of G, on which G acts by composition with inner
automorphisms. The group A acts on R by composition. We define RA to be the Q-subalgebra
consisting of elements of elements of R fixed by A. Now define Conj′(G) := Spec(RA). This is
a universal categorical quotient. Let Cl′G : G −→ Conj′(G) be the morphism arising from the
inclusion RA →֒ R of Q-algebras. For a fixed maximal torus T of G, let A(T ) be the subgroup
of A that preserves TQ. Define ΓG := {f |TQ : f ∈ A(T )}. This is a finite subgroup of Aut(TQ)
stable under the GalQ-action. Furthermore, Conj
′(G) is the quotient of TQ by ΓA.
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For a faithful d-dimensional Q-linear representation V of G, we have a morphism
P
V
: G →֒ GL(V ) −→ AdQ
sending an element to the coefficients of its characteristic polynomial. This morphism factors
through a map P
V
: Conj′(G) −→ AdQ which is a finite morphism of schemes.
Now let A be an abelian variety over a number field F , weakly of Mumford type of rank
N + 1. Enlarging F if necessary, we may assume F connA = F . Since End(AQ) = Z, there exists a
connected reductive groupGA over Q and a faithful absolutely irreducible Q-linear representation
VA such thatG
der
A is Q-simple and (GA,VA)⊗Ql ∼= (Gl, Vl) for a set of rational primes of density
one. The group GA fulfills all of the conditions imposed on G. We define the variety Conj
′(GA)
as described above. We also choose and fix a maximal torus T of GA. Note that in this case,
ΓA =W (GA,T) ∼= {±1}N .
5.3 Weakly neat elements
Definition 5.1. Let B be an abelian variety over a number field. Following [No09], we say a
place v of good reduction is weakly neat if none of the quotients of eigenvalues π
1
π−1
2
of the
Frobenius are non-trivial roots of unity. The place is neat if the group ΦBv is torsion-free.
We will need the following straightforward generalization. Let G be a reductive group over a
field K of characteristic zero and V any faithful K-linear representation of G.
Definition 5.2. A semisimple element g ∈ G(K) is weakly neat if none of the quotients of the
eigenvalues of g are non-trivial roots of unity. It is neat if the group generated by the eigenvalues
is torsion-free.
The preceding definition is independent of the choice of the faithful representation V . Clearly,
a place v of a number field being weakly neat with respect to an abelian variety over the number
field is equivalent to ρ
l
(Frv) being weakly neat for any l other than p = char(v).
Remark. Let B be an abelian variety B over a finite field k. SupposeWB has two eigenvalues
π
1
, π
2
such that (π
1
π−1
2
)N = 1. Then πN
1
= πN
2
. Let v˜ be a place lying over v in a finite
extension over F such that the residue degree is N . Then WAv˜ = WNAv has the eigenvalue πN1
with multiplicity at least 2. Thus, for any abelian variety over a number field, all places of good
ordinary reduction with End(Av) commutative are weakly neat. In particular, for an abelian
variety weakly of Mumford type, this condition holds away from a density zero set by [Pin98]
and [LP97].
5.4 A variant of a theorem of Noot
We recall (Theorem 2.4) that we have the inclusion G0l ⊆ MT(A)×QQl of algebraic groups and in
particular, we have the inclusion G0l (Ql) ⊆ MT(A)(Ql) of Ql-points for every prime l. Replacing
the field F by the extension F connA , we have the inclusion Gl(Ql) ⊆ MT(A)(Ql) for every l ∈ SA.
The following compatibility theorem is pivotal in the proof of Theorem 5.1 (the main theorem in
[Zyw14]).
Theorem 5.9. ([No09], Theorem 1.8) Let A be an abelian variety over a number field K =
KconnA . Let v be a weakly neat place of K. Then there exists an element Cl
′
v ∈ Conj′(MT(A))(Q)
such that Cl′v = Cl
′
MT(A)(ρl(Frv)) for all primes l such that v ∤ l.
Our approach will diverge here from that of [No09] and [Zyw14] since the Mumford-Tate
conjecture remains open for abelian varieties weakly of Mumford type of rank greater than 4
(as far as we know). Instead, we will need a variant of this compatibility theorem that replaces
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MT(A) by the group GA and the set of all primes other than p = char(v) by the density one
subset SA \ {p}.
For any integer n ≥ 1, let τn : GA −→ GA be the n-th power map. Since Conj′(GA) is a
universal categorical quotient, there exists a unique map τn : Conj
′(GA) −→ Conj′(GA) making
the following diagram commute.
GA
τn−−−−→ GAyCl′GA yCl′GA
Conj′(GA)
τn−−−−→ Conj′(GA)
We note that this is a finite map of Q-varieties, which will be relevant later. For the next two
lemmas, we drop the assumption that A is weakly of Mumford type and only assume the following:
1. End(AQ) = Z. So the triple (GA,VA,SA) is well-defined and G
der
A is Q-simple.
2. The root systems of Lie(Gder
A,Q
) are of type A, B, C or DH.
Since the root systems of Lie(Gder
A,Q
) are of type A,B,C or D for any abelian variety with
endomorphism ring Z ([Pin98]), the second condition is equivalent to assuming that the root
systems are not of type DR. We will need the following lemma.
Lemma 5.10. Let α, β be two weakly neat elements of GA(Q) with the same characteristic
polynomial in VA. If τn(α) = τn(β), then Cl
′
GA
(α) = Cl′
GA
(β).
Proof. We write g = dimA. The representation VA is 2g-dimensional and the symmetric group
S2g acts on G
2g
m,Q
by permutation. Define the set
Tw := {t ∈ T : t is weakly neat and CentS2g (t) = CentS2g(T)}.
Let s, t ∈ Tw be elements such that τn(s) = τn(t) and s, t have the same characteristic polynomial.
Then there exists some τ ∈ Sg such that τ(s) = t. Thus, τ(sn) = tn and hence τ ∈ CentS2g (T).
So τ is the identity on T and hence, t1 = t2. Since α is a semisimple element in the reductive
group GA, it lies in a maximal torus. Write α = (α1, · · · , α2g) ∈ G2gm . Define the torus
Tα = {(t1, · · · , t2g) ∈ G2gm : ti = tj if αi = αj}.
Then, in particular, α ∈ Tαw. Since Cl′GA(αn) = Cl′GA(βn), it follows that αn and βn are conjugate
in GA(Q). So there exists a weakly neat semisimple element γ ∈ GA(Q) such that αn = γn and
Cl′GA(β) = Cl
′
GA
(γ) and hence, α and γ have the same characteristic polynomial. Since αn = γn,
we have γ ∈ Tαw . Thus, Cl′GA(α) = Cl′GA(β).
In particular, the map
τn × PVA : Conj
′(GA) −→ Conj′(GA)× A2gQ
is injective on the subset of Conj′(GA)(Q) that is the image under Cl′GA of the subset of weakly
neat elements in GA(Q). We now use this lemma to show that the statement of the theorem is
true if it is “potentially” true, in the sense of passing to a finite extension.
Proposition 5.11. Let A be an abelian variety over a number field F such that F connA = F and
End(AQ) = Z. Let v be a weakly neat place of F . Suppose there exists a finite extension F
′/F
with a place v˜ lying over v such that for some conjugacy class Cl′v˜ ∈ Conj′(GA)(Q), we have
Cl′
GA
(ρ
l
(Frv˜)) = Cl
′
v˜ for all l ∈ SA. Then there exists a conjugacy class Cl′v ∈ Conj′(GA)(Q)
such that Cl′GA(ρl(Frv)) = Cl
′
v for all l ∈ SA.
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Proof. We choose a prime l in SA. Pick an element x := Cl
′
GA
(Frv) ∈ Conj′(GA)(Q) ⊆
Conj′(GA)(Ql). Let n be the residue degree of v˜ over v. Let x˜ be a pre-image of Cl
′
GA
(Frv)
under the map GA(Ql)
Cl′
GA−−−→ Conj′(GA)(Ql) of Ql-valued points induced by τn. We first show
that x˜ is a Q-valued point of Conj′(GA)(Ql).
Let RA be the coordinate ring of Conj′(GA) and let τ
♯
n : RA −→ RA be the homomorphism
induced on the coordinate rings. Then τn ◦ x˜ = x. So we have the commutative diagram:
RA τ
♯
n−−−−→ RAyx yx˜
Q
i−−−−→ Ql
Since τ ♯n is a finite homomorphism of algebras, x˜(RA) is a finite algebra over x(RA) = Q. So
the fraction field K := Frac(x˜(RA)) is a number field. The diagram above may be replaced by
the following diagram:
RA τ
♯
n−−−−→ RAyx yx˜
Q
i−−−−→ K
Since x˜ is a K-valued point of Conj′(GA), this proves the claim that x˜ is a Q-valued point
of Conj′(GA).
Now Cl′GA(ρl(Frv)) is a Ql-valued point of Conj
′(GA) for every l(6= p) in SA. Let l, l′ be any
two distinct primes in SA other than p. Then we have a weakly neat element ρl′ (Frv) with the
same characteristic polynomial as that of ρ
l
(Frv). By the hypothesis, we have a unique element
Cl′v˜ ∈ Conj′(GA)(Ql) such that
τn(Cl
′
GA
(ρ
l
(Frv))) = τn(Cl
′
GA
(ρ
l′
(Frv))) = Cl
′
v˜.
By the preceding discussion, Cl′
GA
(ρ
l
(Frv)) ∈ Conj′(GA)(Q). So from lemma 5.10, it follows
that Cl′GA(ρl(Frv)) = Cl
′
GA
(ρ
l′
(Frv)) for all l, l
′ ∈ SA other than p. We denote this common
element by Cl′v.
It remains to show that Cl′v isQ-valued rather than simplyQ-valued. Now, Cl
′
v ∈ Conj′(GA)(Ql)
for all l ∈ SA other than p. Suppose, by way of contradiction, that Cl′v /∈ Conj′(GA)(Q) and
let K(6= Q) be the smallest number field such that Cl′v ∈ Conj′(GA)(K). Let α ∈ OK be a
primitive element for K/Q and let f ∈ Z[X] be the irreducible monic polynomial of α over Q
with deg(f) ≥ 2. By the Chebotarev density theorem and Jordan’s lemma, the set of rational
primes
P := {l : The image of f(X) in Fl[X] is separable and has no zero}
has positive density. For any l ∈ P, Hensel’s lemma implies that K does not have an embedding
in Ql. Since SA is of Dirichlet density one and is disjoint from P, we have a contradiction. Thus,
Cl′v ∈ Conj′(GA)(Q).
Proposition 5.12. Let A be an abelian variety weakly of Mumford type of rank N + 1 over a
number field F = F connA . Let (GA,VA,SA) be a triple as in ([Pin98], Theorem 5.1). Let v be
a weakly neat place of F . Then there exists a conjugacy class Cl′v ∈ Conj′(GA)(Q) such that
Cl′GA(ρl(Frv)) = Cl
′
v for all l ∈ SA other than p = char(v).
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Proof. Since End(AQ) = Z, the GA,Q-representation VA ⊗Q Q is irreducible. The group of
homotheties of VA ⊗Q Q commutes with the action of Lie(GderA,Q) which is isomorphic to sl
N
2,Q
.
By the preceding lemma, it suffices to show this result over a finite extension. Enlarging the field
if necessary, we may assume the place v is neat. We write g = 2N−1 for brevity.
Define the map P
VA
: GA −→ A2gQ sending an element to the coefficients of its characteristic
polynomial with respect to VA. It factors through a finite morphism PVA : Conj
′(GA) −→
A2gQ . Let S˜w.n. ⊆ GA(Q) be the subset of weakly neat elements and let Sw.n. be its image in
Conj′(GA)(Q) under the map Cl′GA .
Now Lie(Gder
A,Q
) ∼= slN
2,Q
and in particular, Lie(Gder
A,Q
) is⊗-isotypic of typeA. So the characteristic
polynomial determines the conjugacy class of a semisimple element. In particular, the map
P
VA
: Conj′(GA) −→ A2gQ is injective on the subset Sw.n.. Hence, there is a unique element
Cl′v ∈ Conj′(GA)(Q) such that PVA (Cl
′
v) = PVA (Frv). Thus, Cl
′
v = Cl
′
GA
(ρ
l
(Frv)) for all
l ∈ SA. Now, Cl′v ∈ Conj′(GA)(Ql) for all l ∈ S \ {p}. Since SA is of density one, we have
Cl′v ∈ Conj′(GA)(Q) by the Chebotarev density theorem.
5.5 Galois representations
We return to the setting where A is an abelian variety over a number field F = F connA weakly
of Mumford type of rank N + 1. For a place v of good reduction, we have the surjective
homomorphism ev : X∗(T) −→ ΦAv , χ 7→ χ(tv) that maps Ω onto WAv . For places in SA,
it is an isomorphism.
Lemma 5.13. Let v ∈ SA and fix an element t ∈ T(Q) such that det(XI − t) = PAv(X). Then
the map
ev : X∗(T) −→ ΦAv , χ 7→ χ(t)
is an isomorphism mapping Ω onto WAv .
Proof. It is clear that the map is a homomorphism X∗(T) −→ Q∗. The zeros of PAv(X) are
the values χ(t) with χ ∈ Ω. So WAv = ev(Ω). The set Ω generates X∗(T) since VA is a
faithful representation of GA. Since ev(Ω) = WAv and WAv generates ΦAv , it follows that
ev(X∗(T)) = ΦAv . Thus, ev is a surjective homomorphism of free abelian groups. So it suffices
to verify that the ranks of the two groups coincide.
The third condition in the definition of SA ensures that the rank of the group ΦAv is rank(A).
On the other hand, X∗(T) is a free abelian group of the same rank as GA. Since ev is surjective,
it follows that it is an isomorphism.
The upshot is that for any v ∈ SA, if W (GA,T) ⊆ Gal(Q(WAv)/Q), then GalQ acts
transitively on WAv and hence, the reduction is absolutely simple. Thus, detecting the places of
simple reduction boils down to detecting the places v such that W (GA,T) ⊆ Gal(Q(WAv)/Q).
The elements ψv(σ) and ψv,l(σ). Fix a place v ∈ SA. By Proposition 5.12, we may choose
an element tv ∈ T(Q) such that Cl′GA(tv) = Cl′v ∈ Conj′(GA)(Q). We may choose tv so that
det(XI − tv) = PAv (X). For every σ ∈ GalQ, we define ψv(σ) to be the unique element in
Aut(X∗(T)) such that the following diagram commutes:
X∗(T) ev−−−−→ ΦAvyψv(σ) yσ
X∗(T) ev−−−−→ ΦAv
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On the other hand, for any prime l ∈ SA, we have W (GA,T) ∼= W (Gl,TQl). Furthermore,
if TQl is split and v ∤ l, we have a group homomorphism ψv,l : GalQl −→ W (Gl,TQl) such that
σ(tv,l) = ψv,l(σ)
−1(tv,l). This map is independent of the choice of the element tv,l.
Remark. Let K be a number field splitting T. Note that if l is split completely in K, then
Kw = Ql for any prime w of K lying over l. Hence, TQl is split. Since SA has density one, the
set of primes l ∈ SA such that TQl is split has positive density.
We first verify that the elements ψv(σ) and ψv,l(σ) are the same in the case of abelian varieties
weakly of Mumford type. In the more general case of an abelian variety with endomorphism ring
Z, we can show (with a proof similar to [Zyw14]) that they lie in the same conjugacy class of ΓA.
Lemma 5.14. Let l ∈ SA and suppose TQl is split. For any σ ∈ GalQl, we have ψv(σ) =
ψv,l(σ) ∈W (GA,T).
Proof. Choose an element tv,l ∈ T(Ql) conjugate to ρl(Frv) in GA(Ql). Then Cl′GA(tv,l) =
Cl′GA(ρl(Frv)) = Cl
′
v. So there is a unique β ∈ ΓA = W (GA,T) such that tv,l = β(tv). We may
verify that ψv(σ) = β
−1ψv,l(σ) ◦ β. Since ψv,l(σ) ∈ W (GA,T) and W (GA,T) is abelian in this
particular case, we have ψv(σ) = ψv,l(σ) ∈W (GA,T).
Let l be a prime such that Gl is a reductive group scheme over Zl, as is the case when l is
sufficiently large. Choose a maximal torus Tl in Gl and let Tl be its generic fiber, which is a
maximal torus in Gl. For any place v ∈ SA such that v ∤ l, we define the conjugacy class
Iv,l := {t ∈ T(Ql) : t and ρl(Frv) are conjugate in Gl(Ql)}
and fix an element tv,l ∈ Iv,l. The third condition in the definition of the set SA ensures that
the group generated by tv,l is Zariski dense in Tl,Ql . So the action of W (Gl,Tl) on Iv,l is
simply transitive. For each σ ∈ GalQl , there is a unique ψv,l(σ) ∈ W (Gl,Tl) such that σ(tv,l) =
ψv,l(σ)
−1(tv,l). Since Tl is split by assumption, the map
ψv,l : GalQl −→W (Gl,Tl), σ 7→ ψv,l(σ)
is a group homomorphism.
The field kGA . We define the field kGA to be the intersection of all algebraic extensions of
Q that split GA. The field kGA is a number field Galois over Q. We first verify the inclusion
ψv(GalkGA ) ⊆W (GA,T).
Lemma 5.15. The image ψv(GalkGA ) is a subgroup of W (GA,T).
Proof. It suffices to show that ψv(GalL) ⊆W (GA,T) for any number field L splitting GA.
Let L0 be a number field that splits T. Let Λ be the co-finite subset of S(L0|Q) ∩ SA of
primes l for which ψv is unramified at l, v ∤ l. The torus TQl is split for all l ∈ Λ. From the
preceding lemma, ψv(Frl) ∈ W (GA,T). Since the set {Frl : l ∈ Λ} generates GalL0 , it follows
that ψv(GalL0) ⊆W (GA,T).
Now let L be a number field splitting GA. Choose a maximal torus T
′ of GA for which
T′ ×Q L is split and an element g ∈ GA(Q) such that T′Q = gTQg−1. Define t′v := gtvg−1. We
have Cl′GA(t
′
v) = Cl
′
v and det(XI − t′v) = PAv(X). We define the homomorphism ψ′v : GalQ −→
Aut(X∗(T′)) such that σ(α(t′v)) = (ψ′vα)(t′v) for all α ∈ X∗(T) and σ ∈ GalQ.
Let γ : TQ −→ T′Q be the conjugation by g and let γ∗ : Aut(TQ) −→ Aut(T′Q) be the
conjugation by γ. Then γ∗(W (GA,T)) = W (GA,T′). From the definition of ψv(σ), we verify
that ψv(σ) = γ
−1 ◦ ψ′v(σ) ◦ γ = γ−1∗ (ψ′v(σ)). So ψv(GalL) ⊆ γ−1∗ (W (GA,T′)) =W (GA,T).
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We now show that the reverse inclusion holds away from a density zero set of places of F . This
will complete the proof of the main result. The following lemma from [Zyw14] will be necessary.
Lemma 5.16. ([Zyw14], Lemma 5.1) Fix a subset C of W (Gl,TQl) stable under conjugation.
There is a subset Ul of ρl(GalF ) stable under conjugation with the following properties:
(a). If v ∈ SA satisfies v ∤ l and ρl(Frv) ⊆ Ul, then ψv,l is unramified and ψv,l(Frl) ⊆ C.
(b). Let F ′ be a finite extension of F and let H be a coset of GalF ′ in GalF . Then we have∣∣ρ
l
(H) ∩ Ul
∣∣∣∣ρ
l
(H)
∣∣ =
∣∣C∣∣
W (Gl,TQl)
+O(1/l)
where the implicit constant depends only on A and F ′.
The key ideas in the following proposition are from ([Zyw14], Proposition 6.6). To avoid
confusion with the notation, we reiterate that we use the symbol GA for the group constructed
in ([Pin98], Theorem 5.13) rather than the Mumford-Tate group MT(A).
Proposition 5.17. Let A be an abelian variety weakly of Mumford type over a number field F
such that F = F connA . Let L be a finite extension of kGA. Then ψv(GalL) = W (GA,T) for all
places v ∈ SA away from a subset of Dirichlet density 0.
Proof. Fix a full rank GA-stable lattice L ⊆ VA. Let T be the Zariski closure of T in the group
scheme GL(L). We fix a prime l0 such that Gl is reductive group scheme over Zl for every prime
l ≥ l0. For every l > l0, TZl is a torus over Zl by [LP95]. Hence, TZl is a maximal torus of Gl for
any rational prime l ∈ SA such that l ≥ l0.
Let F ′/F be a finite extension fulfilling the condition of Serre’s lemma. Let c be an element
of W (GA,T). Since ΓA =W (GA,T) ∼= {±1}N , the element c is preserved under conjugation by
ΓA in this case. Let S(L|Q) be the set of rational primes split completely in L. For l in the set
S(L|Q) ∩ SA and ≥ l0, we may identify c with an element of W (Gl,TQl) = W (Gl,TQl). Let V
be the subset of SA of places v such that ρl(Frv) * Ul, l 6= p. Let VQ be the set of places such
that ρ
l
(Frv) * Ul for all l < Q, l 6= p. Then V =
∞⋂
Q=1
VQ. By ([Zyw14], Proposition 2.12), the set
VQ has density ∑
C
|C|
Gal(F ′/F )
∏
l∈S(L|Q) ∩ SA ∩[l0,Q]
∣∣ρ
l
(ΓC) ∩ (ρl(GalF ) \ Ul)
∣∣∣∣ρ
l
(ΓC)
∣∣
where C varies over the conjugacy classes of Gal(F ′/F ) and ΓC = {σ ∈ GalF : σ|F ′ ∈ C}.
Furthermore, by ([Zyw14], Lemma 5.1 (b)),
Density(VQ) <<
∏
l∈S(L|Q) ∩ SA ∩ [l0,Q]
(
1− 1
W (Gl,TQl)
+O(1/l)
)
=
∏
l∈S(L|Q) ∩ SA∩ [l0,Q]
(
1− 1
W (GA,T)
+O(1/l)
)
.
Now, S(L|Q) ∩ SA has density 1[L˜:Q] where L˜ is the Galois closure of L over Q. In particular,
the set S(L|Q) ∩ SA is infinite and hence, V has density zero. Let v ∈ SA \ V. Choose a prime
l ∈ S(L|Q) ∩ SA such that v ∤ l and ρl(Frv) ⊆ Ul. Then ψv,l is unramified at l and ψv,l(Frv) = c
by ([Zyw14], Lemma 5.1(a)). Since {c} is stable under conjugation by ΓA and the elements
ψv(Frl) = ψv,l(Frl) ∈W (GA,T), it follows that ψv(Frl) = c. Since c was an arbitrary element of
W (GA,T), we have ψv(GalL) =W (GA,T).
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The main result (Theorem 1.1) now follows:
Proof. Let L be any number field splitting GA. Suppose v lies in the density one subset of SA
described in the preceding Proposition. Since WAv generates ΦAv , the restriction ψv|GalL factors
through an isomorphism Gal(L(WAv )/L)
∼=−→ W (GA). So GalQ acts transitively on WAv and
hence, Av is absolutely simple.
We conclude this section by describing the endomorphism algebra End0(Av) for most places.
Corollary 5.18. With the setup as in theorem 1.1, Gal(Q(WAv)/Q) = {±1}N ⋊ H for some
H ⊆ S
N
and End0(Av) is isomorphic to the fixed field of H.
Proof. Let v be a place of simple ordinary reduction. Then PAv(X) is irreducible of degree 2
N .
Set π
0
= ev(1, · · · , 1)√q. Then Q(π
0
) lies in the fixed field of H and since [Q(π
0
) : Q] = 2N , it
follows that Q(π
0
) = Q(WAv)H .
6 Appendix
We use appendix 6.1 to relate abelian varieties strongly of Mumford type with Mumford
curves. In appendices 6.2 and 6.3 we state and prove a few propositions that are original but of
an elementary nature.
6.1 Generalized Mumford Curves
We verify that abelian varieties with Mumford-Tate groups fulfilling the hypothesis of Definition
1.3 arise as generic points on Mumford curves. The proof is identical to that of [No01, Proposition
1.5] for the case n = 1. We provide a sketch for the reader’s convenience.
Proposition 6.1. Let X be a an abelian variety of dimension 22n, V = H1(X(C),Q) the Betti
cohomology and G = MT(X) its Mumford-Tate group. Assume (G,V ) is of Mumford type of
rank 2n + 2. Then there exist a totally real number field K of degree N and a quaternion D/K
such that:
(i) D is split at exactly one real place
(ii) CorK/Q(D) = 0
(iii) X is isomorphic to a fiber of the family X/M over a C-valued point of M = MC (for any
sufficiently small open compact subgroup C ⊆ G(Af ) where Af is the ring of finite adeles).
Proof. Let G˜ −→ G be the universal simple cover with G˜ ∼= Gm,Q × G˜′, G˜′Q ∼= SLN2,Q. Now Gder
is Q-simple. So GalQ acts transitively on the set of factors of the product SLN2,Q. Let H ⊆ GalQ
be the subgroup fixing the first factor and set K := Q
H
. Then K is field of degree N and G′ is
the Weil restriction from K to Q of a K-form of SL2. By Kneser’s theorem ([Kne65], Satz 3),
there exists a central division algebra D of degree 4 over K such that G˜′ = (D∗)der. Since G˜′
acts on a 22n+1-dimensional Q-vector space, it follows that CorK/Q(D) = Mat22n+1(Q).
Now V carries a symplectic form 〈 . , . 〉. Let h : S −→ GR be the morphism defining the
Hodge structure on V ⊗ R. The symmetric bilinear form 〈 . , h(i). 〉 is positive definite. This
implies that if H is the real form of GC corresponding to the involution ad(h(i)), then Hder is
compact.
The projection of h on precisely one factor PSL2,C ofG
der
C is non-trivial. SinceH is compact, K
is totally real and at least 2n of the factors of G˜′R are isomorphic to SU2,R. Since the corestriction
is trivial, it follows that G˜′R ∼= SU2n2,R× SL2,R. SinceHder is compact, it follows that h is conjugate
to the map h0 : S −→ GR derived from
h˜0 : S −→ GSU2n2,R×GL2,R ∼= D∗R, a+ b
√−1 7→
(
1, 1, · · · , 1,
(
a −b
b a
))
.
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This completes the proof.
6.2 Cyclic lattices with torsion-free quotients
We use this subsection to clarify some of the things from section 4.4. In particular, we discuss the
possibilities for the kernel of the map ev : X∗(T) −→ Q∗, the image of which is the multiplicative
group ΦAv generated by the eigenvalues of the Frobenius. We will need the following notion.
Definition 6.1. A sublattice of ZN is cyclic if it is invariant under the N -cycle (1 2 3 · · ·N).
We are primarily concerned with cyclic lattices L ⊆ ZN such that the quotient ZN/L is
torsion-free. This will help us deduce the possibilities for ker(ev) and consequently, the image of
ev. We define a map
φ : Z[X]/(XN − 1) −→ ZN ,
N−1∑
j=0
ajX
j 7→ (a0, a1, · · · , aN−1) ∈ ZN .
For an ideal J of Z[X]/(XN − 1), the image φ(J) is a cyclic sublattice of ZN . Conversely, for
a cyclic lattice Λ, {
N−1∑
j=0
ajX
j : (a1, · · · , aN ) ∈ Λ} is an ideal in Z[X]/(XN − 1). This gives the
bijection
{Cyclic sublattices of ZN} ←→ {Ideals of Z[X]/(XN − 1)}.
Now, XN − 1 = ∏
d|N
Φd(X) where Φd(X) is the d-th cyclotomic polynomial and hence,
Z[X]/(XN − 1) ∼=
∏
d|N
Z[ζd].
Since the rings Z[ζd] are rings with unit elements, an ideal J of Z[X]/(XN −1) is a direct product∏
d|N
Jd where Jd is an ideal in Z[ζd]. Furthermore, the rings Z[ζd] are Dedekind domains with finite
residue fields and hence, the quotients Z[ζd]/Jd are finite rings unless Jd = 0. So if the quotient is
torsion-free, each ideal Jd is either 0 or the full Z[ζd]. So there are precisely 2τ(N) cyclic sublattices
with torsion-free quotient, where τ(N) is the number of divisors of N .
In particular, if N is a prime, the only ideals of Z[X]/(XN − 1) ∼= Z×Z[ζN ] with torsion-free
quotients are 0, Z × Z[ζN ], Z × 0 and 0 × Z[ζN ]. So the only cyclic sublattices L ⊆ ZN with a
torsion-free quotient ZN/L are the following:
(a) 0
(b){(x, · · · , x) : x ∈ Z}
(c){(x
1
, x
2
, · · · , x
N
) :
N∑
i=1
xi = 0}.
(d) ZN
which verifies the claim in Section 4.
6.3 Central division algebras over totally real fields
We use this subsection to clarify some of the things in Section 5.6. We will need the following
lemma for the proof of Proposition 4.13.
Lemma 6.2. Let d be an odd integer. For a finite set of primes l1, · · · , lr, there exist infinitely
many CM fields E of degree 2d over Q such that:
(i) E/Q is cyclic of degree 2d
(ii) The primes l1, · · · , lr are inert in E/Q.
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Proof. Choose a prime p in Q(ζd) such that:
- p is prime to 2dl1 · · · lr
- p has local degree 1 over Q
- p is inert in the degree 2d cyclic extension Q(ζ4d2)/Q(ζd)
- p is split completely in the Kummer extension Q
(
ζ2d, { 2d
√
l1lj : 2 ≤ j ≤ r}
)
but is inert in the
cyclic extension Q(ζ2d,
2d
√
l1).
Note that by Kummer theory, Q(ζ2d,
2d
√
l1) ∩Q
(
ζ2d, { 2d
√
l1lj : 2 ≤ j ≤ r}
)
= Q (ζ2d) since
〈l1〉∩ 〈l1l2, · · · , l1lr〉 = {1} ⊆ Q∗. Hence, the set of primes p of Q(ζd) fulfilling the four conditions
has positive density by the Chebotarev density theorem. By construction, p is inert in each of
the cyclic extensions Q(ζd, 2d
√
lj)/Q(ζd) (1 ≤ j ≤ r). Let p be the rational prime lying under p.
Then p ≡ 1 (mod 2d) by the second condition and gcd(p−12d , 2d) = 1 by the third. Define E to
be the unique degree 2d number field contained in Q(ζp). Since Q(ζp)/Q is cyclic, so is E/Q.
Furthermore, since E is of odd index in the CM field Q(ζp), it is also a CM field. Every rational
prime li has its inertia degree in Q(ζp) divisible by 2d and since gcd(
p−1
2d , 2d) = 1, it follows that
every li is inert in E/Q.
We now use this lemma to prove Proposition 4.13 from section 4.6.
Notations: For a number field K and a prime p, Kph is the unique degree h unramified extension
of the local field Kp. Br(K) is the Brauer group of K and for an extension L/K, Br(L|K) is the
relative Brauer group, which is the kernel of the restriction map
Br(K) −→ Br(L), [D] 7→ [L⊗K D].
As before, S(L|K) is the set of primes of K split completely in L (equivalently, in the Galois
closure of L over K). If L/K is Galois, for any place w of K, we use the symbol Lw for the
completion of L at any place lying over w.
Proof. (Proposition 4.13) Note that all but finitely many of the fields E constructed in the
preceding lemma are linearly disjoint from K˜. Linear disjointness ensures that [EK : K] =
[E : Q] = 2d. So, from the theory of division algebras, it follows that EK has an embedding in
D if and only if EK splits D.
Let l1, · · · , lr be the non-archimedean primes of K that D is ramified at. Let l1, · · · , lr be the
rational primes they lie over. Choose a cyclic extension E/Q of degree 2d inert at the rational
primes l1, · · · , lr and linearly disjoint from K. Since gcd(2d, [K˜ : Q]) = 1, it follows that EK/K is
inert at every prime of K lying over li. In particular, it is inert at every li and hence, EKli = Kli2d
for every i. From the exact sequence
0 −→ Br(EK|K) i−−→
⊕
w
Br(EKw|Kw)
α7→∑w invw(α)−−−−−−−−−−→ 1
2d
Z/Z −→ 0.
we see that [D ⊗ EKli ] = 0 in Br(EKli) for each li. Since EK is a CM field, it follows that [D]
lies in Br(EK|K). Hence, EK has an embedding in D.
We conclude this article with the following proposition which, when combined with ([No01],
Proposition 5.1), allows us to construct abelian varieties strongly of Mumford type such that the
reduction at some place is simple.
Proposition 6.3. Let K be a totally real number field of degree N with Galois closure K˜ over Q
and let D be a quaternion algebra over K. Then there exist infinitely many CM fields L quadratic
over K such that:
- L contains no proper CM subfield
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- the Galois closure L˜ of L over Q satisfies Gal(L˜/K˜) = (Z/2Z)N
- L has an embedding in D.
Proof. Let l1, · · · , lr be the finite primes of K that D is ramified at and let l1, · · · , lr be the
rational primes lying under them. Let K1, · · · ,Kt be the maximal proper subfields of K. We
choose an odd rational prime p split completely in K˜(
√−1) and co-prime to the primes l1, · · · , lr.
Let p be a prime in K˜ lying over p. Then the primes {σ(p) : σ ∈ Gal(K˜/Q)} are the [K˜ : Q]
distinct primes of K˜ lying over p.
Choose a totally positive α ∈ OK such that:
- Q(α) = K.
- X2 + α is irreducible in (OK/li)[X] for every i.
- X2+α is irreducible in (O
K˜
/p)[X] but splits in (O
K˜
/σ(p))[X] for every σ ∈ Gal(K˜/Q)−{id}.
The existence of the element α follows from the Chinese remainder theorem. Set L = K(
√−α)
and let L˜ be its Galois closure over Q. Then L˜ = K˜({√−σ(α) : σ ∈ Gal(K˜/Q)}). From the
second condition, it follows that L has local degree 2 at each li and since it is totally imaginary,
it follows that L splits D. Thus, L has an embedding in D.
For every maximal proper subfield Ki ⊆ K, let p¯i be a prime in Ki lying under p. The third
condition implies that not all primes of L lying over p¯i have the same inertia degree and hence, L
is not Galois over Ki. Since Ki was an arbitrary maximal subfield of K, we have shown that L is
not Galois over any proper subfield of K. Suppose L has a proper CM subfield L0. Then L0 ∩K
is a totally real proper subfield of K of index 2 in L0. Let L ∩ K ⊆ Kj (notations as above).
Then L = L0K and since K/Q is Galois, it follows that L is Galois over L ∩K and hence, over
Kj , a contradiction.
In this paragraph, we slightly abuse the notation by using the same symbols for elements of
OK˜ and their reductions in finite residue fields. The third condition implies that for any distinct
elements σ, τ ∈ Gal(K˜/Q), X2+σ(α) is irreducible in (O
K˜
/σ(p))[X] but splits in (O
K˜
/τ(p))[X].
Furthermore, since p splits completely in Q(
√−1), we have −1 ∈ (O
K˜
/σ(p))∗2 for every σ ∈
Gal(K˜/Q). Consider an element β =
d∏
i=1
σi(α), 1 ≤ d ≤ [K˜ : Q]. Now σi(α) ∈ (OK˜/σ1(p))∗2 for
every σi 6= σ1 . On the other hand, σ1(α) /∈ (OK˜/σ1(p))∗2. Thus, β /∈ (OK˜/σ1(p))∗2 and hence,
β /∈ K˜∗2. Since the element β was an arbitrary product of distinct conjugates of α, we have
shown that the subgroup of K˜∗/K˜∗2 generated by the conjugates of α is of rank N . By Kummer
theory, it follows that Gal(L˜/K˜) = (Z/2Z)N .
Let N be an odd integer, K a totally real number field of degree N and D a quaternion
algebra over K ramified at all archimedean places but one such that CorK/Q(D) = 0 in Br(Q).
Let
Nm : D∗ −→ CorK/Q(D), d 7→ (d⊗ 1)⊗ · · · ⊗ (d⊗ 1)
be the natural norm map, which we may consider as a morphism of algebraic groups over Q. Let
G be the image of D∗ under this map.
For any quadratic extension L/K constructed as in the preceding proposition, we have
Gal(L˜/Q) ∼= {±1}N ⋊H where H is a transitive subgroup of SN . The map
h : S −→ L∗R ⊆ D∗R Nm−−→ GR
gives a special point on the Mumford curve which corresponds to an abelian variety Y with CM
by the subfield L˜H ⊆ L˜ fixed by H. By [No01], there exists a finite place v of K and a generic
point on the curve such that the corresponding abelian variety X has reduction Xv isogenous to
Yv. In particular, Xv is simple with CM by the field L˜
H ⊆ L˜.
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